Calculus Single Variable
Brian E. Blank and Steven G. Krantz

Section 6.5
Applications of the Exponential Function

Part 1

=/ Load

Each execution group of this section must be entered before continuing with the worksheet.

| > with(plots): #Ignore any warnings!
Warning, the name changecoords has been redefined

| > doublingTime := proc()
local solnSet, tau, £, t, eqn:
f := args[1l]:

t := args[2]:
eqn := f(t+tau)=2*£f(t):
solnSet := {solve(eqn, tau)}:

if type(t,numeric) then
return fsolve(eqn, tau, 0..infinity);
elif nops(solnSet) = 1 then
return op(1l, solnSet);
else
printf ("Doubling time not found.\n");
end if:

end proc:




|
=/ 1. A Basic Differential Equation

If A is any constant (usually positive in applications) and if k is any nonzero constant, then the
unique solution of the initial value problem

d
ZY(t)=kY(t) , Yy(0)=A
is

yi)=A e,

We find this solution by the Method of Separation of Variables:

> Egqnl := Int(1l/y,y) = Int(k,t) + C;
1
Eqnl := |—dy= |kdt+C
y
| > eqnl := map(value, Eqgnl);
. eqnl :=In(y)=kt+C
| > eqn2 := y = solve(eqnl, y);
(kt+C)
L eqn2 :=y=e
| > egqn3 := subs( {y=A, t=0}, eqgqn2);
| eqn3 =A=e"
| > egqnd := C = solve(eqn3, C);
| eqnd :=C=1In(A)
[ > eqn5 := subs(eqn4, eqn2);
(kt+1In(A))
L eqnd :=y=e
| > egqn6é := expand(eqn5) ;
(k1)
| eqn6 :=y=e A

Or, we might have asked Maple to find the solution directly by executing this code:

> IVP := {diff(y(t),t) = k*y(t),y(0)=A};
dsolve( IVP , y(t) );

When 0 < £, the solution of our initial value problem is said to grow exponentially.

When k < 0, the solution of our initial value problem is said to decay exponentially.
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=/ 2. Doubling Time for Exponential Growth

If apositive function f is increasing, then we may call the function ¢ — t(¢) the doubling time
of f if

f(t+7(2))=21(2).
In general we expect the doubling time to be nonconstant, as in Figure 1. In this figure we have

Notice that the doubling times, t,-¢,, t;—t,, t,—t, t;—1t,  arenonconstant.
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Figurel: Imcreasing Doubling Timne




Example: Doubling time of a linear function

> L := x —> m*x+b;

L L=x—>mx+b
| > doublingTime (L,t); #Note the dependence on t

mt+b

L m

Example: Doubling time of the logarithm

| > doublingTime (1n,t); #Note the dependence on t
| —t+ 1
| > plot (doublingTime (1n,t), t=1 ..2);
#1ln(t) is everywhere increasing but it is positive only for t >
1
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Example: Doubling time of a quadratic polynomial

[ > doublingTimes := seq(doublingTime (t->t~2,k*5/100), k=1..100):
plot ([seq([k*5/100,doublingTimes[k]],k=1..100)]);
#Note non-horizontal graph
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Unlike the preceding examples, the doubling time function for exponential growth is constant.

Theorem : Suppose that k is a positive constant. The doubling time t of the

: : (kt) .
exponential function t > A e is constant. More precisely, for every 0 <¢,

the doubling time is given by

1
=7 In(2) ..

Proof:

[ > £ := t —-> A*exp(k*t);

(k1)
fi=t—>Ae

> tau = solve( f(t+tau) = 2*¥£(t), tau); #From the solution, note
that tau is independent of t
In(2)
k

T=

Theorem : Suppose that & is a positive constant. Then the exponential function
t

. 1 . . .
t—>A e(kt) can be writtenas r—A2 "~ where = =; In(2) is the doubling time.

Proof:

[ > formulal A*exp (k*t) ;

A*2~ (t/tau);

formula2

ﬁwwmhﬂ:=eM”A

5
formula2 :=A 2 !
> simplify( subs(tau = 1n(2)/k, formulal - formula2));

0
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=13. Exercises Involving Exponential Growth

Exercise
(Exercise 2, page 471) Assuming exponential growth, find the number of bacteria present at 8:00
P.M. given that there are 4000 bacteria at 5:00 P.M. and the population doubles every 2 hours.

Solution
Let =0 correspond to 5:00 P.M. Let y(z) be the number of bacteria at time .

> A := 4000; tau := 2;
A :=4000
T:=2

> eqgnl y(t) = A*exp(k*t);

(kt)
eqnl :=y(t)=4000 e

> eqn2 := k = 1n(2)/tau;
1
eqn2 :=k=§1n(2)

> eqn3 := subs(eqgn2, eqnl);

(1/21n(2) 1)
L eqn3 :=y(t)=4000 e
[ > eqnd4 := subs(t=3, eqn3);

(3/21n(2))

eqn4 = y(3) =4000e
> map (evalf, eqnd);

y(3)=11313.70850




Exercise
(Exercise 4, page 471) Assuming exponential growth, find the number of bacteria present at 8:00
P.M. given that there are 7000 bacteria at 4:00 P.M. and the population triples every 8 hours.

Solution
Let =0 correspond to 4:00 P.M. Let y(z) be the number of bacteria at time .

[ > A := 7000;
| A :=7000
[ > eqnl := y(t) = A*exp(k*t);
k
7 eqnl ==y(1)=7000¢ "
| > egqn2 := subs(t=8, rhs(eqnl)) = 3*subs(t=0, rhs(eqnl));
(8k) 0
L eqn2 :=7000e =21000 e
| > eqn3 := k = solve(eqn2, k);
1
eqn3 :=k=§1n(3)
> eqnd := subs(eqn3, eqnl);
(1/81n(3) 1)
| eqnd :=y(t)=7000 e
[ > eqn5 := subs(t=4, eqnd);
(1/21n(3))
L eqns :=y(4)=17000 e
| > map(evalf, eqn5);
| y(4)=12124.35566



Exercise
(Exercise 20, page 472) An E. coli population doubles every 20 minutes. What is the population
size at the instant when the population is growing at the rate of 13,863 bacteria per minute.

Solution
Let y(¢) be the number of E. coli at time ¢.

[ > tau := 20;

T:=20
diff(y(t),t) = k*y(t);

> eqnl

d
1 :=—vy(t)=kvy(t
eqn sz( )=ky(t)

> eqn2 := k = 1n(2)/tau;
1
eqn2 :=k=—"1In(2
7 q 0 (2)
| > eqn3 := subs(eqn2, eqnl);
3 4 (1) 11(2) (1)
=——vy(t)="_"1In t
i A= N T Y
| > egqnd := 13863 = rhs(eqn3);
1
eqn4 := 13863 =—In(2) y(t)
L 20
| > eqn5 := y(t) = solve(eqgn4d, y(t));
5 ) 277260
= )=
, A =R n2)

> map (evalf, eqn5);

y(t)=400001.6271



Exercise (Exercises 34 and 58, pages 473 and 476)

John Graunt, a ““collector and classifier of facts", was the inventor of modern scientific demography.
By tabulating the births and deaths listed in the

Weekly Bills of Mortality for London, Graunt determined that the population of London was then
growing exponentially with a doubling time of 64 years. (Graunt realized that the Exponential Law
that he proposed could not be carried indefinitely backwards for then the city would be filled with
“*far more People, then are now in it".)

N atural and Political

OBSERV ATIONS

Mentioned ina following [vpex,

and made upon the

Bills of Mortaliry.

By FOHN (}‘RJ;J\(T,

Cirizen of

LONDON.

With reference to che Government, Religion, Trade,
Growth, Ayre, Difeafer, aud the feveral Changes of the
faid CrT .

mmnen N om, mut 5t mirstur Turba, labore,
Concenesis paucsr Lefloribuy ——

LoeNDo N,
Priated by The: Royerafe, for Febn Marin, Famer Alle
and :D:‘:u:"aghe Sigg of the Bl ir::f St. Paul’ sﬂll:r ’
Church-yard, MDCLXIIL



Accepting that

i) Graunt's growth observations were valid throughout the years 1662-1664 and 1666-1700
inclusive,

ii) the population of London declined by 100,000 during the Great Plague year 1665, and

iii) the population of London at the end of the year 1700 was about 500,000,

a) Estimate the population of London at the start of 1662, and
b) Plot the population of London for the years 1662-1700

Solution

Let P(¢) be the population of London in year ¢ with #=0 corresponding to January 1 1662.
Then

t=1 atthe end of 1662,
t=2 atthe end of 1663,
t=73 atthe end of 1664,

and so on. In general, at the end of year Y with 1662 <Y, the value of 7 is Y — 1662 + 1.
Thus, if T, =3, T,=4, and T; =39, then t=T, at the end of 1664 (which is to say, the beginning

of 1665) , t=T, at the end of 1665 (which is to say, the beginning of 1666, and ¢ =T, at the end of
1700. Let us make these definitions in Maple now

[ > T[1] := 3: #Population at the en d of 1664, beginning of 1665
[ > T[2] := 4: #Population at the end of 1665, beginning of 1666
[ > T[3] := 39: #Population at the end of 1700

We are to determine P(0).

For t<T, London's population satisfies

&)

P(1)=P(0)2 "



Thus, in terms of the unknown P(0), London's population at the beginning of 1665 was

&

P(T,)=P(0)2 (Population at the end of 1664, beginning of 1665) .

The population P(4) at the end of 1665, that is, at the start of 1666, was therefore given by

g

P(T,)=P(0) 2 o 100000  (Population at the end of 1665, beginning of 1666) .

At this point, exponential growth resumed. Inthe 7, —T,, or 35, years until the end of the year
35

64
1700, the population P(7,) increased by a factor 2 . In other words,

%—5]

P(T;)=P(T,)2 ot . (Population at the end of 1700) .

Putting everything together, we have

g

P(T,)= (P(O) 2" 100000] 2

64

This population was 500000 and so we have an equation for P(0) :

[g—g]
64

g

500000 = (P(O) 2% 100000J 2




[ > egnl := 500000 = (P(0)*2~(T[1]/64)-100000)*2~((T[3]1-T[2])/64);
35
(3/64) [5)
i eqn := 500000 = (P(0) 2 —100000) 2
> eqn2 := P(0) = solve(eqn, P(0));

5)).5)
()
eqn2 :=P(0)=50000\5 +2 2

> map (evalf, eqn2);

P(0)=428112.2504

We graph P(¢) as follows

[ > P :=t —> if t <= T[1l] then 428112*2%(t/64)
elif t <= T[2] then
428112*2~(T[1]/64)-(t-T[1])*100000
else (428112*27~(3/64)-100000) *2~ ((t-T[2])/64)
i end if:
| > plot( P, 0..39, thickness=2, numpoints=600, tickmarks=[4,4],
view=[0..39 , 300000..5000001);
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