Calculus Single Variable
Brian E. Blank and Steven G. Krantz

Section 6.6
Inverse Trigonometric Functions

=/ 1. The Function Sin and its Inverse, arcsin

T T
Define the function x — Sin(x) by Sin(x) =sin(x) for x=-— 3 . 3 In other words, we define
T T T T
Sin by restricting the domain of sine to — 3 . 3 Because the domain of Sin, namely - E . 5, is

not the same as the domain of sine, namely —oo .. oo, these two functions are different. The use of a
new name, Sin, is therefore appropriate.

T T
Observe that Sin is anincreasing, hence invertible, function with domain {— 5, 5} and image

[-1,1].

Figure 1



The inverse of Sin is denoted arcsin. The domain of arcsinis [—1, 1] and its image is

T T
[——,—}. We have
2°2

T T
arcsin(sin(x))=x for x in —5,5}, and

sin(arcsin(y)) =y for y in [-1,1].

The plot of y = arcsin(x) is given in Figure 2.
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Exercise:
(1 [ . (3=
Calculate arcsin 5 and arcsin| sin 7 .
Solution:

1 T
There are many values of x for which sin(x) = 5 but only one value, x = g, in the interval

T T (1 T
{— -, —}. Thus, arcsm(—j =,
2°2 2 6



I
Similarly, there are many values of x for which sin(x)=-1 but only one value, x=— 5, is in the

T T
interval [— -, —}.
22

[ .37 . T . . 3w
Thus, arcsin| sin 7 =arcsin(—1) =- 5 . Notice that the answer is not — 7 In

particular, tthe equation arcsin(sin(x))=x is false as a general rule. It is true only for x in the

T T
interval [— -, —}.
2 2

=/ 2. The Derivative of arcsin

T T
For x in the interval [— E’ E} we have

arcsin(sin(x)) = x.
Therefore
> Diff (arcsin(sin(x)),x) = Diff (x,x);

; arcsin(sin(x)) = ; X

The right side is 1 and, from an application of the Chain Rule, the left side becomes

D(arcsin )(sin(x)) (i sin(x)J. Thus,
dx

> 'D(arcsin) (sin(x)) '*diff (sin(x),x) = 1;

D(arcsin)(sin(x)) cos(x) =1

or

> 'D(arcsin) (sin(x))' = 1/cos(x);

D(arcsin)(sin(x))=—"—

cos(x)



Let y=sin(x). Then cos(x)2 =1- yz.

T T
[ - —}. Therefore we use the positive root when we solve for cos(x): cos(x)=4/1— yz.

Notice that 0 < cos(x) because x is in the interval
272
This results in the differentiation formula

1
D(arcsin)(y) =—F7—
1

Notice that the derivative of arcsin is always positive. That is because Sin is an increasing function.
The inverse of an increasing function is also increasing, and therefore has a positive derivative.

Exercise:
X
Let a be a positive constant. Calculate the derivative of x — arcsin(—j.
a
Solution:
By the Chain Rule
| > egn := Diff (arcsin(x/a),x) = subs(u = x/a,
D (arcsin) (u) ) *Diff (x/a, x);
0 . (xj ox\a
eqn :=_arcsin| — |=—F/—
X a X2
-=
L a
We have only to tidy up:
> lhs(eqn) = simplify(value(rhs(eqn))) assuming a > O0;

0 ‘ (x] 1
—arcsin| — |=—/—
ox a P

This calculation yields a useful integral formula:

1 X
—T—dx = arcsin(—) +C.
Aat -x* a



L
=/ 3. The Function Cos and its Inverse, arccos

Define the function x — Cos(x) by Cos(x)=cos(x) for x=0..7. In other words, we define
Cos by restricting the domain of cosine to O .. T. Because the domain of Cos, namely 0 .., is not
the same as the domain of cosine, namely —oo .. oo, these two functions are different. The use of a
new name, Cos, is therefore appropriate.

Observe that Cos is a decreasing, hence invertible, function with domain [0, ©] and image
[-1,1].

The inverse of Cos is denoted arccos. The domain of arccosis [—1, 1] and itsimageis [O, ].
We have

arccos(cos(x))=x for x in [0,7m], and
cos(arccos(y)) =y for y in [-1,1].

The plot of y = arccos(x) is given in Figure 3.

y = arccos(x)

o
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Figure 3




L
=/ 4. The Function Tan and its Inverse, arctan

b T
Define the function x — Tan(x) by Tan(x)=tan(x) for - 5 < x< 3 « In other words, we

T
define Tan by restricting the domain of tan to the open interval from — — to 5 .

Observe that Tan is an increasing, hence invertible, function.
The inverse of Tan is denoted arctan.

T T
arctan(tan(x)) =x for —5< x<;, and

tan(arctan(y)) =y for —co< y<oo o

The plot of y = arctan(x) is given in Figure 4.

4
2i y = arctan(x)
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X
-2
_4 -

Figure 4



T T

For ——< x<— wehave
2 2

arctan(tan(x)) = x.
Therefore
> Diff (arctan(tan(x)),x) = Diff (x,6x);

— arctan(t =—
dxarc an(tan(x)) dxx

The right side is 1 and, from an application of the Chain Rule, the left side becomes

d
D(arctan)(tan(x)) (d_ tan(x)J. Thus,
X

{ > 'D(arctan) (tan(x)) '*sec(x)*2= 1;

D(arctan)(tan(x)) sec(x)2 =1

or

> 'D(arctan) (tan(x))' = 1l/sec(x)"2;

D(arctan)(tan(x)) = 2
sec(x)

Let y=tan(x). Then sec(x)2 =1+ tan(x)2 =1+ y2 . These substitutions result in the
differentiation formula

D(arctan)(y) =

1+y2

Notice that the derivative of arctan is always positive. That is because Tan is an increasing function.
The inverse of an increasing function is also increasing, and therefore has a positive derivative.



Exercise:

X
Let a be a positive constant. Calculate the derivative of x — arctan(—}
a
Solution:
By the Chain Rule
| > egn := Diff (arctan(x/a),x) = subs(u = x/a,
D (arctan) (u) ) *Diff (x/a, x);
0 x| dx\la
eqn ;= __arctan| — |= 5
X a
1+
L a
We have only to tidy up:
> lhs(eqn) = simplify(value(rhs(eqn))) assuming a > O0;

d ( X ] a
—arctan| — |=
ox a a*+x

This calculation yields a useful integral formula:

1 1 X
5 2dx=—arctan— +C.
a +x a a



=/ 5. The Function Sec and its Inverse, arcsec
o o
Define the function x — Sec(x) by Sec(x)=sec(x) for 0< x< 5 and 5 <x <7. Inother

T
words, we define Sec by restricting the domain of sece The point 5 is excluded from the domain

of Sec because it is not in the domain of sec.

o
Ny H
-
forl

y = sec(x)

Figure 5



4-
2 -
0 : y :
-2
y = Sec(x)
_4 -
Figure 6

Observe that Sec is an increasing, hence invertible, function.
The inverse of Sec is denoted arcsec.

o o
arcsec(sec(x)) =x for 0< x<; and E<x <m,

sec(arcsec(y)) =y for 1< | y

and



The plot of y = arcsec(x) is given in Figure 7.

y = arcsec(x)
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Figure 7



T T
For 0< x<5 and 5<x <71 we have

arcsec(sec(x)) =x.
Therefore
> Diff (arcsec(sec(x)),x) = Diff (x,x);

; arcsec(sec(x)) = d_ X

The right side is 1 and, from an application of the Chain Rule, the left side becomes

d
D(arcsec)(sec(x)) (d_ sec(x)j. Thus,
X

> 'D(arcsec) (sec(x)) '*diff (sec(x),x)= 1;

D(arcsec)(sec(x)) sec(x) tan(x) =1
or

> 'D(arcsec) (sec(x))' = 1l/sec(x)/tan(x),’ Preliminary
formula for D (arcsec)  ;

D(arcsec)(sec(x)) = Preliminary formula for D(arcsec)

sec(x) tan(x)’
Let y=sec(x). Then tan(x)2 = sec(x)2 -1 = y2 — 1. It follows that | tan(x) | =4/ y2 —1 and

sec(x) | tan(x) | =y y2 -1. Formula with sign to be resolved.

There are two cases.



I
Case 1: If 0< x<;, then O <y and O<tan(x). Therefore y:|y| and |tan(x)|=tan(x)

The formula with the sign to be resolved can be written as

T
sec(x) tan(x) = | y | A/ y2 -1. Formula with sign resolved, 0< x < E .

T
Case 2: If E<x <m, then y<0 and tan(x)<0. Therefore y=—|y| and

| tan(x) | =—tan(x) .
The formula with the sign to be resolved can be written as

—sec(x) tan(x) =y A/ y2 —1. ,or
sec(x) tan(x) = —y 4/ y2 -1, or
sec(x)tan(x)=|y|«/y2—1.

In this second case we also have

T
sec(x) tan(x) = | y | A/ y2 -1. Formula with sign resolved, z <x <m.

The sign issue has now been resolved with one formula common to both cases. We have obtained
the following differentiation formula:

1
D(arcsec)(y)=—"T—.
y[y -1

Notice that 0 < D(arcsec)(y) for all permissible y, as it must be (since arcsec is an increaing
function).

Remark: Maple has an interesting way to handle the sign issue without resorting to the use of
absolute values:
> D(arcsec) (y);



Exercise:

X
Let a be a positive constant. Calculate the derivative of x — arcsec(—j.

a
Solution:

By the Chain Rule

| > egn := Diff (arcsec(x/a),x) = subs(u = x/a,

D (arcsec) (u) ) *Diff (x/a, x);

i 1
0 a a
eqn =" arcsec
1 ox / e
We have only to tidy up:
> lhs (eqn) = simplify(value (rhs (eqn) )) assuming a > O0;

d

- arcsec
ox [ 2

This calculation yields a useful integral formula:

X
)+C.

larcsec(
|x|4/x -d a



|
=/ Code

The code for Figure 1:

[ > SinePlot := plot(sin(x), x = -Pi/2 .. Pi/2, scaling =
constrained, thickness = 2, color = PLUM, view =
[-Pi/2..Pi/2,-Pi/2..Pi/2]):

legend := plots[textplot] ([0.2, 1, 'y = Sin(x) '],
align={ABOVE, RIGHT}, color = PLUM):

plots[display] (SinePlot, legend, tickmarks=[3, 3])

The code for Figure 2
| > arcsinPlot := plot(arcsin(x), x = -1 .. 1, scaling =
constrained, thickness = 2, color = NAVY, view =

[-Pi/2..Pi/2,-Pi/2..Pi/2]):

SinePlot := plot(sin(x), x = -Pi/2 .. Pi/2, scaling =
constrained, thickness = 2, color = PLUM, view =
[-Pi/2..Pi/2,-Pi/2..Pi/2]):

linePlot := plot(x, x = -Pi/2..Pi/2, scaling = constrained,

linestyle = 4, thickness = 1, color = GRAY, view =
[-Pi/2..Pi/2,-Pi/2..Pi/2]):

legendl := plots[textplot] ([0.1, 1.4, "y = arcsin(x) ],
align={BELOW, RIGHT}, color = NAVY):

legend2 := plots[textplot] ([-1.5, -.6, "y = Sin(x) 1],
align={BELOW, RIGHT}, color = PLUM):

plots[display] (arcsinPlot, SinePlot, linePlot, legendl,
legend2, tickmarks=[3,3]);




The code for Figure 3

| > arccosPlot := plot(arccos(x), x = -1 .. 1, scaling =
constrained, thickness = 2, color = NAVY, view =
[-1..Pi,-1..Pi]):
cosPlot := plot(cos(x), x = 0 .. Pi, scaling = constrained,
thickness = 2, color = PLUM, view = [-1..Pi,-1..Pi]):
linePlot := plot(x, x = -1..Pi, scaling = constrained,

linestyle = 4, thickness = 1, color = GRAY, view =
[-1..Pi,-1..Pi]):

legendl := plots[textplot] ([0.25, 1.6, "y = arccos(x) ],
align={BELOW, RIGHT}, color = NAVY):

legend2 := plots[textplot] ([1.25, 0.45, 'y = Cos(x) 1],
align={ABOVE, RIGHT}, color = PLUM):

plots[display] (arccosPlot, cosPlot, linePlot, legendl, legend2,
tickmarks=[3, 3]);

The code for Figure 4

| > arctanPlot := plot(arctan(x), x = -5 .. 5, scaling
constrained, thickness = 2, color = NAVY, view =
[-5..5,-5..5]):

tanPlot := plot(tan(x), x = -Pi/2 .. Pi/2, scaling =
constrained, thickness = 2, color = PLUM, view =
[-5..5,-5..5]):

linePlot := plot(x, x = -5..5, scaling = constrained, linestyle

= 4, thickness = 1, color = GRAY, view = [-5..5,-5..5]):
legendl := plots[textplot] ([2.75, 1.7, "y = arctan(x) ],
align={ABOVE, RIGHT}, color = NAVY):

legend2 := plots[textplot] ([1.6, 4.3, 'y = Tan(x) 1],
align={ABOVE, RIGHT}, color = PLUM):

plots[display] (arctanPlot, tanPlot, linePlot, legendl, legend2,

tickmarks=[3, 3]);




The code for Figure 5

| > secPlot := plot(sec(x), x = 0 .. 2*Pi, discont=true, scaling =
constrained, thickness = 2, color = MAGENTA, view =
[0..5,-5..5]):
leftVertLinePlot := plot([Pi/2,y, y = -5..5], scaling =

constrained, linestyle = 4, thickness = 1, color = PLUM, view
[0..5,-5..5]):

rightVertLinePlot := plot([3*Pi/2,y, y = -5..5], scaling =
constrained, linestyle = 4, thickness = 1, color = PLUM, view
[0..5,-5..5]):

legend := plots[textplot] ([2.2, -3.4, "y = sec(x)'1,
align={ABOVE,RIGHT}, color = MAGENTA) :

plots[display] (secPlot, leftVertLinePlot, rightVertLinePlot,
legend, tickmarks=[3,3]):

The code for Figure 6

| > secPlot := plot(sec(x), x = Pi .. 2*Pi, discont=true, scaling
constrained, thickness = 2, color = MAGENTA, view =
[0..5,-5..5]):

SecPlot := plot(sec(x), x = 0 .. Pi, discont=true, scaling =
constrained, thickness = 3, color = COLOR(RGB,0.6,0.1,0.6),
view = [0..5,-5..5]):

leftVertLinePlot := plot([Pi/2,y, y = -5..5], scaling =
constrained, linestyle = 4, thickness = 1, color = PLUM, view =
[0..5,-5..5]):

rightVertLinePlot := plot([3*Pi/2,y, y = -5..5], scaling =
constrained, linestyle = 4, thickness = 1, color = PLUM, view =
[0..5,-5..5]):

legend := plots[textplot] ([2.2, -3.4, "y = Sec(x)'1,
align={ABOVE, RIGHT}, color = COLOR(RGB,0.6,0.1,0.6)):

ptPlot :=
plot([[O,1],[0,1.05],[0.05,1],[0,0.95],[-0.05,1], [Pi,-1], [Pi,-1
.05]1, [Pi-0.05,-1], [Pi,-0.95], [Pi+0.05,-1]], style = POINT,
symbol = CIRCLE, color=COLOR(RGB,0.6,0.1,0.6)):

plots[display] (secPlot, SecPlot, ptPlot, leftVertLinePlot,
rightVertLinePlot, legend, tickmarks=[3,3]):




The code for Figure 7

| > arcsecPlot := plot(arcsec(x), x = -5 .. 5, scaling =
constrained, thickness = 2, color = NAVY, view =
[-5..5,-5..5]):
secPlot := plot(sec(x), x = 0 .. Pi, discont=true, scaling =
constrained, thickness = 2, color = MAGENTA, view =
[-5..5,-5..5]):
obliqueLinePlot := plot(x, x = =-5..5, scaling = constrained,
linestyle = 4, thickness = 1, color = GRAY, view =
[-5..5,-5..5]):
horizLinePlot := plot(Pi/2, x = -5..5, scaling = constrained,
linestyle = 4, thickness = 1, color = BLUE, view =
[-5..5,-5..5]):
vertLinePlot := plot([Pi/2,y, y = -5..5], scaling =
constrained, linestyle = 4, thickness = 1, color = PLUM, view =
[-5..5,-5..5]):
legendl := plots[textplot] ([2.75, 1, "y = arcsec(x) ],
align={BELOW, RIGHT}, color = NAVY):
legend2 := plots[textplot] ([2.2, -3.4, “y = Sec(x)'1,
align={ABOVE, RIGHT}, color = MAGENTA) :
plots[display] (arcsecPlot, secPlot, obliquelinePlot,
horizLinePlot, vertLinePlot, legendl, legend2,

| tickmarks=[3, 3]);
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