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Section 8.1 

Volumes of Solids of Revolution 

Examples from the Exercises 
 

Example (Exercise 1, Page 573)

The region bounded above by  = y 3 x
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3
,  below by the x-axis, and laterally by the vertical lines  = x 1 

and  = x 8  is rotated about the x-axis. Calculate the volume.

> `Volume = `*Int(Pi*(3*x^(1/3))^2, x = 1 .. 8) = 
simplify(int(Pi*(3*x^(1/3))^2, x = 1 .. 8));

 = Volume = d
�

�
		

1

8

9 p x
( ) / 2 3

x
837p

5

Example (Exercise 3, Page 573)
The region bounded above by  = y ( )sin x  and below by the x-axis for  £ 0 x  £  p   is rotated about 
the x-axis.  
Calculate the volume.

> `Volume = `*Int(Pi*sqrt(sin(x))^2, x = 0 .. Pi) = 
int(Pi*sqrt(sin(x))^2, x = 0 .. Pi);

 = Volume = d
�
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Example (Exercise 5, Page 573)



The region bounded between the y-axis and   = x y3   for  £ 0 y  £  1   is rotated about the y-axis.  
Calculate the volume.

> `Volume = `*Int(Pi*(y^3)^2, y = 0..1) = int(Pi*(y^3 )^2, y = 
0..1);

 = Volume = d
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Example (Exercise 7, Page 573)
The region bounded between the y-axis  and   = y ( )ln x    for  £ 0 x  £  e   is rotated about the y-axis.  
Calculate the volume.

> `Volume = `*Int(Pi*(exp(y))^2, y = 0..1) = 
factor(int(Pi*(exp(y))^2, y = 0..1));

 = Volume = d
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Example (Exercise 9, Page 573)
The region bounded between   = y x   and   = y x2   for  £ 0 x  £  1   is rotated about the x-axis.  
Calculate the volume.

> `Volume = `*Pi*Int((x)^2-(x^2)^2, x = 0..1) = 
Pi*int((x)^2-(x^2)^2, x = 0..1);

 = Volume = p d
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Example (Exercise 11, Page 573)
The region bounded above by   = y  - 4 x2   and below by   = y  + x 2   is rotated about the x-axis.  
Calculate the volume.

> solve(4-x^2 = x+2, x);



,-2 1
> pl1 := plot([4-x^2 , x+2],x = -2 .. 1, thickness=[2 ,2], 

color=COLOR(RGB,.30,.70,.99),view=[-2..1,0..4]): 
for j from 1 to 99 do 
fill[j] := plot([-2+3*j/100,y,y=3*j/100..4-(-2+3*j/ 100)^2], 
thickness=3, color=COLOR(RGB,.30,.70,.99),view=[-2. .1,0..4]): 
end do: 
plots[display](pl1, seq(fill[j],j=1..99), tickmarks =[5,5]);

> outerSurface := 
plot3d([x,(4-x^2)*cos(t),(4-x^2)*sin(t)],x=-2..1,t= 0..2*Pi,styl
e=WIREFRAME): 
innerSurface := 
plot3d([x,(x+2)*cos(t),(x+2)*sin(t)],x=-2..1,t=0..2 *Pi,style=WI
REFRAME): 
washer1 := 
plot3d([.5,r*cos(t),r*sin(t)],t=0..2*Pi,r=.5+2..4-( .5)^2, 
color=NAVY, style=PATCHNOGRID): 
washer2 := 
plot3d([.54,r*cos(t),r*sin(t)],t=0..2*Pi,r=.54+2..4 -(.54)^2, 
color=NAVY, style=PATCHNOGRID): 
washer3 := 
plot3d([.56,r*cos(t),r*sin(t)],t=0..2*Pi,r=.56+2..4 -(.56)^2, 
color=NAVY, style=PATCHNOGRID): 
plots[display](outerSurface,innerSurface,washer1,wa sher2,washer
3,orientation=[-80,86]); 



> `Volume = `*Pi*Int((4-x^2)^2-(x+2)^2, x = -2..1) = 
Pi*int((4-x^2)^2-(x+2)^2, x = -2..1);

 = Volume = p d
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Example (Exercise 21, Page 574)
The region bounded above by  = y 4, on the left by the y-axis, and below by the curve  = x y  is 
rotated about the  
x-axis. Calculate the volume.

Solution



Region to be rotated

> pl1 := plot([x^2,4],x = 0 .. 2, thickness=[2,2], 
color=COLOR(RGB,.30,.70,.99),view=[0..2,0..4]): 
for j from 0 to 99 do 
fill[j] := plot([2*j/100,y,y=(2*j/100)^2..4], thick ness=3, 
color=COLOR(RGB,.30,.70,.99),view=[0..2,0..4]): 
end do: 
plots[display](pl1, seq(fill[j],j=0..99), tickmarks =[5,5]);

Cutaway View of the Solid of revolution

> pl3d1 := plot3d([4*cos(t),y,4*sin(t)],t = Pi/2 ..2* Pi, y = 
0..2): 
pl3d2 := plot3d([y^2*cos(t),y,y^2*sin(t)],t = Pi/2 ..2*Pi, y = 
0..2): 
pl3d3 := plot3d([r*cos(t),0,r*sin(t)],t = Pi/2 ..2* Pi, r = 
0..4, style=PATCHNOGRID): 
pl3d4 := plot3d([0,y,z], z = y^2..4,y = 0 
..2,style=PATCHNOGRID): 
pl3d5 := plot3d([x,y,0], x = y^2..4,y = 0 
..2,style=PATCHNOGRID): 
plots[display](pl3d1,pl3d2,pl3d3,pl3d4,pl3d5,orient ation=[18,56
]);



Cutaway view of solid of revolution with cylindrical shell

> Pl3d1 := plot3d([4*cos(t),y,4*sin(t)],t = Pi/2 ..2* Pi, y = 
0..2, style=WIREFRAME): 
Pl3d2 := plot3d([y^2*cos(t),y,y^2*sin(t)],t = Pi/2 ..2*Pi, y = 
0..2, style=WIREFRAME): 
shell := plot3d([2.5*cos(t),y,2.5*sin(t)],t = 0 ..2 *Pi, y = 
0..sqrt(2.5), color=NAVY): 
plots[display](Pl3d1,Pl3d2,shell,orientation=[33,69 ]);



> `Volume = `*Int(2*Pi*y*sqrt(y), y = 0 .. 4) = 
int(2*Pi*y*sqrt(y), y = 0 .. 4);

 = Volume = d
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Verification by Method of Washers

> `Volume by Method of Washers = `*Int(Pi*(4^2-(x^2)^ 2), x = 0 .. 
2) = int(Pi*(4^2-(x^2)^2), x = 0 .. 2);

 = Volume by Method of Washers = d
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Example (Exercise 27, Page 574)
The region bounded above by  = y  + x2 1 , below by  = y x, and laterally by   = x 2  and   = x 4  is rotated 
about the y-axis. Calculate the volume.

Solution
Region to be rotated

> pl1 := plot([x^2+1,x],x = 2 .. 4, thickness=[2,2], 
color=COLOR(RGB,.30,.70,.99),view=[0..4,0..17]): 
pl2 := plot([2,y,y=2..5], thickness=2, 
color=COLOR(RGB,.30,.70,.99),view=[0..4,0..17]): 
pl3 := plot([4,y,y=4..17], thickness=2, 
color=COLOR(RGB,.30,.70,.99),view=[0..4,0..17]): 
for j from 1 to 99 do 
fill[j] := plot([2+3*j/100,y,y=2+3*j/100..(2+3*j/10 0)^2+1], 
thickness=3, color=COLOR(RGB,.30,.70,.99),view=[0.. 4,0..17]): 
end do: 
plots[display](pl1,pl2,pl3,seq(fill[j],j=1..99));

Cutaway view of solid of revolution

> pl3d1 := plot3d([4*cos(t),4*sin(t),z],t = Pi/2 ..2* Pi, z = 
4..17): 



pl3d2 := plot3d([2*cos(t),2*sin(t),z],t = Pi/2 ..2* Pi, z = 
2..5): 
pl3d3 := plot3d([z*cos(t),z*sin(t),z],t = Pi/2 ..2* Pi, z = 
2..4): 
pl3d4 := plot3d([x*cos(t),x*sin(t),x^2+1],t = Pi/2 ..2*Pi, x = 
2..4): 
pl3d5 := plot3d([0,y,z], y = 2..4, z = y .. y^2+1, style = 
PATCHNOGRID): 
pl3d6 := plot3d([x,0,z], x = 2..4, z = x .. x^2+1, style = 
PATCHNOGRID): 
plots[display](pl3d1,pl3d2,pl3d3,pl3d4,pl3d5,pl3d6, orientation=
[18,77]);

Cutaway view of solid of revolution with cylindrical shell

> Pl3d1 := plot3d([4*cos(t),4*sin(t),z],t = Pi/2 ..2* Pi, z = 
4..17, style=WIREFRAME): 
Pl3d2 := plot3d([2*cos(t),2*sin(t),z],t = Pi/2 ..2* Pi, z = 



2..5, style=WIREFRAME): 
Pl3d3 := plot3d([z*cos(t),z*sin(t),z],t = Pi/2 ..2* Pi, z = 
2..4, style=WIREFRAME): 
Pl3d4 := plot3d([x*cos(t),x*sin(t),x^2+1],t = Pi/2 ..2*Pi, x = 
2..4, style=WIREFRAME): 
Pl3d5 := plot3d([0,y,z], y = 2..4, z = y .. y^2+1, 
style=WIREFRAME): 
Pl3d6 := plot3d([x,0,z], x = 2..4, z = x .. x^2+1, 
style=WIREFRAME): 
shell := plot3d([3*cos(t),3*sin(t),z],t = 0 ..2*Pi,  z = 3..10, 
color=NAVY):

> plots[display](Pl3d1,Pl3d2,Pl3d3,Pl3d4,shell, 
orientation=[6,83]);

> `Volume = `*Int(2*Pi*x*((x^2+1)-x), x = 2 .. 4) = 



int(2*Pi*x*((x^2+1)-x), x = 2 .. 4);

 = Volume = d
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Exercise 29, Page 574
The region bounded above by    = y x,  below by    = y 0,  and laterally by   = x 4  is rotated about the  
x-axis.  
Calculate the volume.

Solution
Region to be rotated

> pl1 := plot(sqrt(x),x = 0 .. 4, thickness=2, 
color=COLOR(RGB,.30,.70,.99),view=[0..4,0..2],fille d=true): 
pl2 := plot([4,y,y=0..2], thickness=2, 
color=COLOR(RGB,.30,.70,.99),view=[0..4,0..2]): 
plots[display](pl1,pl2, tickmarks=[5,3]);

The Solid of revolution

> pl3d1 := plot3d([x, sqrt(x)*cos(t), sqrt(x)*sin(t)] ,t = 0 
..2*Pi, x=0..4): 
pl3d2 := plot3d([4, r*cos(t), r*sin(t)],t = 0 ..2*P i, r=0..2, 
style = PATCHNOGRID):  
plots[display](pl3d1,pl3d2,orientation=[-78,80]);



Two Views of a Pair of Cylindrical Shells

> Pl3d1 := plot3d([x, sqrt(x)*cos(t), sqrt(x)*sin(t)] ,t = 0 
..2*Pi, x=0..4, style=WIREFRAME): 
shell1 := plot3d([x, sqrt(2)*cos(t), sqrt(2)*sin(t) ],t = 0 
..2*Pi, x=2..4, color=NAVY): 
shell2 := plot3d([x, sqrt(1)*cos(t), sqrt(1)*sin(t) ],t = 0 
..2*Pi, x=1..4, color=PINK): 
plots[display](Pl3d1,shell1, shell2, orientation=[- 82,82]); 
plots[display](Pl3d1,shell1, shell2, orientation=[- 32,90]);





> `Volume = `*Int(2*Pi*y*(4-y^2), y = 0 .. 2) = 
int(2*Pi*y*(4-y^2), y = 0 .. 2);

 = Volume = d
�
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> `Volume by Method of Disks= `*Int(Pi*sqrt(x)^2, x =  0 .. 4) = 
int(Pi*sqrt(x)^2, x = 0 .. 4); #Verification usin d isks

 = Volume by Method of Disks= d
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Exercise 41, Page 574
The region bounded above by    = y -  +  - x2 4 x 3  and below by    = y  -  - x2 4 x 5 is rotated about the 
line  = x - 3 .  



Calculate the volume.

(Note: The curve    = y -  +  - x2 4 x 3  is given in the Debut edition. A change to    = y -  +  - x2 4 x 11  

leads to a simpler calculation with an answer of 
80 p

3
.)

Solution
Region to be rotated

> f := x -> x^2 - 4*x - 5:  g := x -> -x^2 + 4*x - 3:
> b,a := solve( f(x) = g(x), x );

 := ,b a , + 2 5  - 2 5
> upper := plot(g(x),x = a .. b, thickness=2, 

color=COLOR(RGB,.30,.70,.99),view=[-4..b,-9..1]): 
lower := plot(f(x),x = a .. b, thickness=2, 
color=COLOR(RGB,.30,.70,.99),view=[-4..b,-9..1]): 
rotationAxis := plot([-3,y,y=-9..1],thickness=2, co lor=WHEAT): 
for j from 1 to 99 do 
fill[j] := 
plot([a+(b-a)*j/100,y,y=f(a+(b-a)*j/100)..g(a+(b-a) *j/100)], 
thickness=3, color=COLOR(RGB,.30,.70,.99),view=[-4. .b,-9..1]): 
end do: 
plots[display](upper, lower, seq(fill[j],j=1..99), 
rotationAxis, tickmarks=[5,3]);

> Upper := 
plot3d([-3+(3+x)*cos(t),(3+x)*sin(t),g(x)],x=a..b,t =0..2*Pi, 
style=WIREFRAME): 



Lower := 
plot3d([-3+(3+x)*cos(t),(3+x)*sin(t),f(x)],x=a..b,t =0..2*Pi, 
style=WIREFRAME): 
plots[display](Upper, Lower,axes=normal, 
tickmarks=[3,3,0],orientation=[-76,76]); 

> cylinder := 
plot3d([-3+(3+1)*cos(t),(3+1)*sin(t),z],z=f(1)..g(1 ),t=0..2*Pi, 
color=NAVY, style=PATCHNOGRID): 
plots[display](Upper, Lower, cylinder, axes=normal,  
tickmarks=[3,3,0],orientation=[-76,76]);



> height := g(x)-f(x); 
radius := x + 3;

 := height -  +  + 2 x2 8 x 2

 := radius  + x 3
> `Volume = `*Int(2*Pi*radius*height, x = a .. b) = 

simplify(int(2*Pi*radius*height, x = a .. b));

 = Volume = d
�
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Exercise 47, Page 574
The region bounded above by    = y -  + x2 6  and below by    = y - x is rotated about the line  = x - 4 .  
Calculate the volume.

Solution



Region to be rotated

> f := x -> -x^2 + 6:  g := x -> -x:
> a,b := solve( f(x) = g(x), x );

 := ,a b ,-2 3
> upper := plot(f(x),x = a .. b, thickness=2, 

color=COLOR(RGB,.30,.70,.99),view=[-5..b,-3..6]): 
lower := plot(g(x),x = a .. b, thickness=2, 
color=COLOR(RGB,.30,.70,.99),view=[-5..b,-3..6]): 
rotationAxis := plot([-4,y,y=-3..6],thickness=2, co lor=WHEAT): 
for j from 1 to 99 do 
fill[j] := 
plot([a+(b-a)*j/100,y,y=f(a+(b-a)*j/100)..g(a+(b-a) *j/100)], 
thickness=3, color=COLOR(RGB,.30,.70,.99),view=[-5. .b,-3..6]): 
end do: 
plots[display](upper, lower, seq(fill[j],j=1..99), 
rotationAxis, tickmarks=[5,3]);

    



> radius := x - (-4); 
height := -x^2 + 6 - (-x);

 := radius  + x 4

 := height -  +  + x2 6 x
> `Volume = `*Int(2*Pi*radius*height, x = a .. b) = 

simplify(int(2*Pi*radius*height, x = a .. b));

 = Volume = d
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