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Section 8.2 
Arc Length  and Surface Area 

1. Parameterized Curves 

If to every  t  in an interval  [ ],a b   there are two numbers  ( )x t   and  ( )y t ,   then the curve obtained 

by plotting the ordered pairs  {  ( ,( )x t ( )y t  ) :   £ a t  £  b }  is called a parameterized curve.  
The variable t is called a parameter and the interval [ ],a b  is the range of the parameter. 

 
Example:

Find thee different parameterizations for the curve     = y x
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  between the points  (8,4)  and  

(27,9). 
 
Solution:

Parameterization 1:         , = x t    =   y t
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       Parameter range  [8,27] 

Parameterization 2:         , = x t
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   =   y t       Parameter range  [4,9]

Parameterization 3:         , = x t3    =   y t2          Parameter range  [2,3]

Since Parameterization 1 is just the parameterization of the graph of a function, we can plot the 
curve as follows in Maple:

> plot(x^(2/3), x = 8..27, view = [0..27,0..9]);



The other parameterizations can be plotted as follows:

> plot([t^(3/2), t, t = 4..9], view = [0..27,0..9]); 



> plot([t^3, t^2, t = 2..3], view = [0..27,0..9]);



Example The Cycloid
The circle with radius 1 and center C  at (0,1) rolls to the right along the positive x-axis. The path of 
the point P on the circle initially at (0,0) is called a   cycloid. As the circle rolls the angle  t  between 
line segment  CP and the downward verticle direction, initially 0, increases. Using this angle as a 
parameter for the curve, we have

                                  , = x  - t ( )sin t    =   y  - 1 ( )cos t

One arch of the cycloid is shown below.          



                                                        Figure 1   The cycloid.

The next figure in the Maple worksheet is an animation of the cycloid as it is traced out by the point 
on the rolling circle. In the Maple file, click on the graphic. That will bring up the animation 
controls on the toolbar at the top. (Or, in Windows, right-clicking on the graphic brings up an 
animation menu.)  
 
Of course, the animation only works in the Maple file, not in the pdf printout.



                                                     Figure 2: An animation of the cycloid

2. Arc Length of Parameterized Curves

Consider the parameterized curve   , , = ( )x t  + t ( )sin 3t  =   ( )y t  + ( )cos 2t
t

5
 =   t  .. 0 2 p.

> f := t -> t+sin(3*t): 
g := t -> cos(2*t)+t/5: 
parameterRange := 0 .. 2*Pi:

> plot([f(t),g(t), t = parameterRange], axes=NONE, 
color=COLOR(RGB,.30,.70,.99), thickness = 2);



In the next figure we approximate its arc length by 10 line segments: 

> arcLengthApproximation(f, g, parameterRange, 10);
The length of the 10 approximating line segments is  14.03651 .



The approximation will be better if we use more line segments. Twenty are used in the next figure:

> arcLengthApproximation(f, g, parameterRange, 20);
The length of the 20 approximating line segments is  15.545888.



Increasing the number of approximating line segments gives an even better approximation In the 
next figure we use 100:

> arcLengthApproximation(f, g, parameterRange, 100);
The length of the 100 approximating line segments i s 15.968129.



In general, if   (  ,( )x t ( )y t  )   is  for  =   t  .. a b   is a parameterized curve, if  N  is a positive integer, 

and if   = tj  + a
j ( ) - b a

N
    for   = j  .. 1 N, then we approximate the arc length of the curve by 
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 + ( ) - ( )x tj ( )x t  - j 1

2
( ) - ( )y tj ( )y t  - j 1

2
                              

and define the arc length to be

                                  lim
 ® N ¥

�
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 + ( ) - ( )x tj ( )x t  - j 1
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( ) - ( )y tj ( )y t  - j 1

2
  .

This limit can be calculated by the Riemann integral
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Example: Calculate the arc length of the curve in the preceding example.

Solution:  

> `arc length` = int(sqrt( D(f)(t)^2 + D(g)(t)^2 ), t  = 0 .. 
2*Pi);

 = arc length d
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The integral cannot be evaluated in closed form, but we can evaluate it numerically.

(Execute the code for that is found below before executing the next line.)

> arcLength(f,g,0..2*Pi);

15.98591816

3. Arc Length Exercises from the Text

Exercise 21 Page 581 

Calculate the length of the graph of   = ( )f x
( ) + x2 2
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   for x  in [0,1].

> f := x -> (x^2 + 2)^(3/2)/3;  paramRange := 0 .. 1;

 := f  ® x
1

3
( ) + x2 2

( ) / 3 2

 := paramRange  .. 0 1
> 1 + D(f)(x)^2; 



 + 1 ( ) + x2 2 x2

> factor( 1 + D(f)(x)^2 );

( ) + 1 x2
2

> Int( sqrt(1+D(f)(x)^2), x = parameterRange) = int( 
sqrt(1+D(f)(x)^2), x = parameterRange);

 = d
�
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Exercise 23 Page 581 

Calculate the length of the graph of   = ( )f x  +  + 
ex

2

e
( )- x

2
7   for x  in [0,1].

> f := x -> exp(x)/2+exp(-x)/2+7;  paramRange := 0 ..  1;

 := f  ® x  +  + 
1

2
ex 1

2
e

( )- x
7

 := paramRange  .. 0 1
> 1 + D(f)(x)^2; 
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> J := simplify( 1 + D(f)(x)^2 );

 := J  +  + 
1
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1

4
e

( )2 x 1

4
e

( )- 2 x

> testeq( J = (exp(x)/2 + exp(-x)/2)^2 );

true
> Int( sqrt(1+D(f)(x)^2), x = paramRange) = Int( exp( x)/2 + 

exp(-x)/2, x = paramRange);

 = d
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> Int( sqrt(1+D(f)(x)^2), x = paramRange) = int( exp( x)/2 + 
exp(-x)/2, x = paramRange);
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Exercise 25 Page 581 

Calculate the length of the graph of   = ( )f x  + 2 x4 1

64 x2
   for x  in [-2,-1].

> f := x -> 2*x^4+1/64/(x^2);  paramRange := -2 .. -1 ;

 := f  ® x  + 2 x4 1

64

1

x2

 := paramRange  .. -2 -1
> 1 + D(f)(x)^2; 
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�� - 8 x3 1

32 x3

2

> J := factor( 1 + D(f)(x)^2 );

 := J
( ) + 1 256x6

2

1024x6

> testeq( J = (1/32*(1+256*x^6)/x^3)^2 );

true
> Int( sqrt(1+D(f)(x)^2), x = paramRange) = Int( 

abs(1/32*(1+256*x^6)/x^3), x = paramRange);

 = d
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> Int( sqrt(1+D(f)(x)^2), x = paramRange) = int( 
-1/32*(1+256*x^6)/x^3, x = paramRange);

 = d
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4. How to Make An Arc Length Exercise

In this section we will consider how to devise an exercise in which a "miracle" happens to enable the 
easy evaluation of arc length. 
 

The idea is to find numbers   , ,p q a  so that   + 1
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   is a perfect square. The key is 
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this to happen is that the derivatives  
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x
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x
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absolute value but opposite in sign. We can achieve this by taking   = p  + n 1  and   = q  - 1 n.  Then  
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Example



Calculate the arc length of   = y  + x4 1

32 x2
   for  x  in  [1,2].

Solution

> f := x -> x^4+1/32/(x^2);

 := f  ® x  + x4 1

32

1

x2

> D(f)(x)^2;
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16 x3
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> J := expand(1 + D(f)(x)^2);

 := J  +  + 
1

2
16 x6 1

256x6

> testeq( J = (4*x^3 + 1/16/x^3)^2 );

true
> Int(sqrt( 1 + D(f)(x)^2 ), x= 1..2) = Int(4*x^3 + 1 /16/x^3, x = 

1 .. 2);

 = d
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> Int(sqrt( 1 + D(f)(x)^2 ), x= 1..2) = int(4*x^3 + 1 /16/x^3, x = 
1 .. 2);

 = d
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(With   = n
1

6
,   = p
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6
,  = q
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, and   = a

1

4 ( ) - n2 1
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Calculate the arc length of   = y  - x
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   for  x  in  [1,2].



Solution

> f := x -> x^(7/6)-9*x^(5/6)/35;

 := f  ® x  - x
( ) / 7 6 9

35
x

( ) / 5 6

> D(f)(x)^2;
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> J := expand(1 + D(f)(x)^2);

 := J  +  + 
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49 x
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> expand( J - (7*x^(1/6)/6 + 3/x^(1/6)/14)^2 );

0
> Int(sqrt( 1 + D(f)(x)^2 ), x= 1..2) = Int(7*x^(1/6) /6 + 

3/x^(1/6)/14, x = 1 .. 2);

 = d
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> Int(sqrt( 1 + D(f)(x)^2 ), x= 1..2) = int(7*x^(1/6) /6 + 
3/x^(1/6)/14, x = 1 .. 2);

 = d
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5. Surface Area of a Cone

A cone of height  h   and  base radius  R  has   slant height     = S  + h2 R2 . 
 



                                                      
          
We can calculate the surface area of a cone (without its base) by slicing along an edge and flattening 
out the surface into a planar sector of a circle. The arc legth of the sector is the circumference of the 
base circle of the cone, namely  2p R, and the radius of the sector is the slant length of the cone, 
namely  S. 

                                                  Figure 3: The Cone Flattened into a Circular Sector
 
If  q  is the angle of the sector, then the area of the sector, which is the surface area  s  of the cone is 
given by 



 

                                                          = s
q S2

2
.

But the arc length of the sector is given by both  q S  and   2p R,  so we deduce that   = q
2 p R

S
.  

Substituting this value of  qinto the formula for s results in  

                                                     = s p R S, 
 
or, in a form that is suitable for generalization, 
                        

.                                                    = s 2 p ( 
 + 0 R

2
 ) S .

Thinking of the 0 in this formula as the radius at the vertex of the cone, we can state the formula in 
words as 
 
         
 The surface area of a cone is the average circumference times the slant height.

6. Surface Area of a Frustum of a Cone

The frustum of a cone is the surface that lies between the base and a slice parallel to the base.

                                              
                                               Figure 4: The Frustum of a Cone



The formula for the surface area of a cone, in the verbal form stated above,  remains valid for the 
frustum of a cone:

             The surface area of a frustum of a cone is the average circumference times the slant 
height.

That is
   

                                                     = s 2 p ( 
 + r R

2
 ) S .

We prove this formula, referring to the figure below.

                                          

Using the formula that gives the surface areas of the two cones with slant heights s and   + s S  shown 
in the figure above, we see that the surface area  s  of the frustum is

                                  = s  - p R( ) + s S p r s   =   + p R S p ( ) - R r s .

But, by proportionality,  
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It follows that

                                    = s  + p R S
p r S s

s
    =  2 p (  + R r

2
) S.  

7. Approximating Surface Area with Frustra

In the next figure we use a cone to approximate the surface obtained by rotating  , = y x  = x  .. 0 4  
about the  x-axis.  The surface is colored navy and the cone blue.

> surfaceAreaApproximation(x->sqrt(x), 0..4, 1);
The surface area of the 1 approximating frusta is 2 8.099259.



We get a better approximation of the surface (still navy) by using  two  frustra (in blue):

> surfaceAreaApproximation(x->sqrt(x), 0..4, 2);
The surface area of the 2 approximating frusta is 3 3.236153.



We get a much better approximation of the surface (still navy) by using  ten  frustra (in blue):

> surfaceAreaApproximation(x->sqrt(x), 0..4, 10);
The surface area of the 10 approximating frusta is 35.948631.



In the next figure we use three conical  frustra to approximate  the surface obtained by rotating  
, = y  + 2 ( )sin x  = x  .. 0 2 p  about the  x-axis.  The surface is colored navy and the cone blue

> surfaceAreaApproximation(x->2+sin(x), 0..2*Pi, 3);
The surface area of the 3 approximating frusta is 9 1.113419.



We get a much better approximation of the surface (still navy) by using  ten  frustra (in blue):

> surfaceAreaApproximation(x->2+sin(x), 0..2*Pi, 10);
The surface area of the 10 approximating frusta is 95.520883.



Remember: the navy wireframe represents the surface but the blue region is entirely composed of 
conical frustra

8. Surface Area of a Surface of Revolution

If the curve , = y ( )f x  £ a x  £  b  is rotated about the x-axis, then the surface area of the surface of 
revolution is defines to be the limit of the sums of areas of approximating conical frustra as the 
number of frustra tends to infinity. By identifying these sums as Riemann sums we obtain:

                                            =  =  =  = Surface Area 2 pppp d
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( )f x  +  +  +  + 1 ( )( )D f x 2 x

In this formula it is assumed that   £ 0 ( )f x .  However, we may notice that the graphs of   = y ( )f x   and  



 = y ( )f x   generate the same surface when rotated about the x-axis.  Therefore, if it is not true that 
 £ 0 ( )f x   for all  x  in the interval of integration, we must use

                                   =  =  =  = Surface Area 2 pppp d
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a

b

( )f x  +  +  +  + 1 ( )( )D f x 2 x.

9. Exercises from the Text

Exercise 9   p. 581

The graph of is  , = y 2 x3  = x  .. - 2 3   is rotated about the x-axis. Calculate the surface area

Solution

> f := x -> 2*x^3:
> Area := Int(2*Pi*abs(f(x))*sqrt(1+D(f)(x)^2), x = - 2 .. 3);

 := Area d
�
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3

4 p x 3  + 1 36x4 x

> Area := -Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = -2 ..  0) + 
Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = 0 .. 3);

 := Area -  + d
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We make the change of variable   , = u  + 1 36x4  =   du 144x3 dx : 

> Area := -Int(2*Pi*sqrt(u)/144, u = 1+36*(-2)^4 .. 1 ) + 
Int(2*Pi*sqrt(u)/144, u = 1 .. 1+36*3^4);

 := Area -  + d
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> value(Area);
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Exercise 10   p. 581

The graph of is  , = y 3 x
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1

2
 = x  .. 4 9   is rotated about the x-axis. Calculate the surface area

Solution

> f := x -> 3*x^(1/2):
> Area := Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = 4 .. 9 );

 := Area d
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> Area := Int(3*Pi*(4*x+9)^(1/2),x = 4 .. 9);

 := Area d
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> Area := student[changevar](u = 4*x+9, Area, u);

 := Area d
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> value(Area);

 - 
135 5 p
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In each of Exercises 11, 12, 15, and 16,    ( )( )D f x 2    has the form  ( ) -  -  -  - aaaa bbbb
2  with 

the cross term  ---- 2 aaaa bbbb  equalling  ----
1

2
.   As a result,    +  +  +  + 1 ( )( )D f x 2   equals   

 +  +  +  +  +  +  +  + aaaa
2 1

2
bbbb
2
 ,   or    ( ) +  +  +  + aaaa bbbb 2.

Exercise 11   p. 581



The graph of is  , = y  + 
x3

3

1

4 x
 = x  .. 1 3   is rotated about the x-axis. Calculate the surface area

Solution

> f := x -> x^3/3 + 1/4/x;

 := f  ® x  + 
1

3
x3 1

4

1

x
> Area := Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = 1 .. 3 );

 := Area d
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Notice that

> expand((x^2-1/(4*x^2))^2);

 -  + x4 1

2

1

16 x4

so

> eqn := expand(1 + (x^2-1/(4*x^2))^2) = (x^2+1/(4*x^ 2))^2;

 := eqn  =  +  + 
1

2
x4 1

16 x4
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4 x2

2

> testeq(eqn);

true

Thus,

> Area := Int(2*Pi*f(x)*(x^2+1/(4*x^2)), x = 1 .. 3);

 := Area d
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> value(Area);
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Exercise 12   p. 581

The graph of is  , = y  + 
ex

2

e
( )- x

2
 = x  .. - 1 1   is rotated about the x-axis. Calculate the surface area

Solution

> f := x -> exp(x)/2+exp(-x)/2;

 := f  ® x  + 
1

2
ex 1

2
e

( )- x

> Area := Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = -1 .. 1);

 := Area d

�

	











-1

1

2 p
�

�
��

�

�
�� + 

1

2
ex 1

2
e

( )- x
 + 1

�

�
��

�

�
�� - 

1

2
ex 1

2
e

( )- x
2

x

> expand( (1/2*exp(x)-1/2*exp(-x))^2 );

 -  + 
1

4
( )ex

2 1

2

1

4

1

( )ex
2

> testeq( 1 + (1/2*exp(x)-1/2*exp(-x))^2  = 
(1/2*exp(x)+1/2*exp(-x))^2);  

true
> Area := Int(2*Pi*f(x)*(1/2*exp(x)+1/2*exp(-x)), x =  -1 .. 1);

 := Area d
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> value(Area);
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Exercise 15   p. 581

The graph of is  , = y  + x4 x
( )- 2

32
 = x  .. - 1 -

1

2
   is rotated about the x-axis. Calculate the surface area

Solution



> f := x -> x^4+x^(-2)/32;

 := f  ® x  + x4 1

32

1

x2

> Area := Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = -1 .. -1/2);

 := Area d
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�� - 4 x3 1

16 x3

2

x

> expand( (4*x^3-1/(16*x^3))^2 );

 -  + 16 x6 1

2

1

256x6

> testeq( 1 + (4*x^3-1/(16*x^3))^2  =  (4*x^3+1/(16*x ^3))^2 );

true
> Area := Int(2*Pi*(x^4+1/(32*x^2))*abs((4*x^3+1/(16* x^3))),x = 

-1 .. -1/2);

 := Area d

�

	









-1

 / -1 2

2 p
�

�
��

�

�
�� + x4 1

32 x2
 + 4 x3 1

16 x3
x

> Area := -int(2*Pi*(x^4+1/(32*x^2))*(4*x^3+1/(16*x^3 )),x = -1 .. 
-1/2);

 := Area
1179p

1024

Exercise 16   p. 581

The graph of is  , = y  + 
x3

2

x
( )- 1

6
 = x  .. 1 2   is rotated about the x-axis. Calculate the surface area

Solution

> f := x -> x^3/2+x^(-1)/6;

 := f  ® x  + 
1

2
x3 1

6

1

x
> Area := Int(2*Pi*f(x)*sqrt(1+D(f)(x)^2), x = 1 .. 2 );



 := Area d

�

	











1

2

2 p
�

�
��

�

�
�� + 

x3

2

1

6 x
 + 1

�

�
�
�

�

�
�
� - 

3 x2

2

1

6 x2

2

x

> expand( (3/2*x^2-1/(6*x^2))^2 );

 -  + 
9 x4

4

1

2

1

36 x4

> testeq( 1 + (3/2*x^2-1/(6*x^2))^2 = (3/2*x^2+1/(6*x ^2))^2 );

true
> Area := Int(2*Pi*f(x)*(3/2*x^2+1/(6*x^2)), x = 1 ..  2);

 := Area d

�
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�

�
��

�

�
�� + 

x3

2

1

6 x

�

�
�
�

�

�
�
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3 x2

2

1

6 x2
x

> value(Area);

805p
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Exercise 17   p. 581

The graph of is  , = y x

�

�
��

�

�
��

1

3
 = x  .. 8 27   is rotated about the y-axis. Calculate the surface area

Solution
 

> g := y -> y^3;

 := g  ® y y3

> Area := Int(2*Pi*g(y)*sqrt(1+D(g)(y)^2), y = 2 .. 3 );

 := Area d
�

	




2

3

2 p y3  + 1 9 y4 y

> Area := student[changevar](u = 1 + 9*y^4, Area, u);

 := Area d

�

	









145

730

p u

18
u

> Area := value(Area);



 := Area  - 
730 730 p

27

145 145 p

27

Exercise 18   p. 581

The graph of is  , = y ( )ln  + x  - x2 1  = x  .. 1
 + e e

( )- 1

2
   is rotated about the y-axis. Calculate the 

surface area

Solution
 

> eqn := y = ln(x+sqrt(x^2-1));

 := eqn  = y ( )ln  + x  - x2 1
> g := unapply(solve(eqn,x), y); 

g(y);

 := g  ® y
1

2

 + 1 ( )ey
2

ey

1

2

 + 1 ( )ey
2

ey

> g := y -> (exp(-y)+exp(y))/2;

 := g  ® y  + 
1

2
e

( )- y 1

2
ey

> c := simplify(subs(x=1, ln(x+sqrt(x^2-1)))); 
d := simplify(subs(x=(exp(1)+exp(-1))/2, ln(x+sqrt( x^2-1)))); 

 := c 0

 := d 1
> Area := Int(2*Pi*g(y)*sqrt(1+D(g)(y)^2), y = c .. d );

 := Area d

�

	











0

1

2 p
�

�
��

�

�
�� + 

1

2
e

( )- y 1

2
ey  + 1

�

�
��

�

�
��-  + 

1

2
e

( )- y 1

2
ey

2

y

> eqn := 1+(-1/2*exp(-y)+1/2*exp(y))^2 = 
(1/2*exp(-y)+1/2*exp(y))^2;

 := eqn  =  + 1
�

�
��

�

�
��-  + 

1

2
e

( )- y 1

2
ey

2
�

�
��

�

�
�� + 

1

2
e

( )- y 1

2
ey

2

> testeq(eqn);

true



> Area := 
Int(2*Pi*(1/2*exp(-y)+1/2*exp(y))*(1/2*exp(-y)+1/2* exp(y)),y = 
c .. d);

 := Area d

�

	











0

1

2 p
�

�
��

�

�
�� + 

1

2
e

( )- y 1

2
ey

2

y

> Area := value(Area);

 := Area -  +  + 
1

4
p e

( )-2
p

1

4
p e2

Exercise 19   p. 581

The graph of is  , = y x2  = x  .. - 6 - 2   is rotated about the y-axis. Calculate the surface area

Solution
 

> g := y -> -sqrt(y);

 := g  ® y - y
> c := 36; 

d := 4; 

 := c 36

 := d 4
> Area := Int(2*Pi*g(y)*sqrt(1+D(g)(y)^2), y = c .. d );

 := Area d

�

	









36

4

-p y  + 4
1

y
y

> Area := value(Area);

 := Area  - 
145 145 p

6

17 17 p

6

Code for User-Defined Maple Functions 



> arcLengthApproximation := proc() 
local xx, yy, paramRange, numSubdivisions, aa, bb, Delta,  
curvePlot, nodes, segmentPlot, j, k, approxLength: 
if nargs <> 4 then  
error "arcLengthApproximation expects four argument s": 
elif not type(args[1], procedure) or not type(args[ 2], 
procedure) then 
error "arcLengthApproximation expects its first two  arguments 
to be procedures": 
elif not type(args[3], range) then 
error "arcLengthApproximation expects its third arg ument to be 
a parameter range": 
elif not type(op(1,args[3]), realcons) or not 
type(op(2,args[3]), realcons) then 
error "arcLengthApproximation expects its third arg ument to be 
a parameter range": 
elif evalf(op(1,args[3])) >= evalf(op(2,args[3])) t hen 
error "arcLengthApproximation expects its third arg ument to of 
the form a..b with a < b": 
elif not type(args[4], posint) then 
error "arcLengthApproximation expects its fourth ar gument to be 
a positive integer": 
end if: 
     
xx:= args[1]: 
yy := args[2]: 
paramRange := args[3]: 
numSubdivisions := args[4]: 
aa := op(1,paramRange): 
bb := op(2,paramRange): 
Delta := (bb-aa)/numSubdivisions: 
curvePlot := plot([xx(t),yy(t),t=paramRange], 
color=COLOR(RGB,.30,.70,.99)): 
for j from 0 to numSubdivisions do 
nodes[j] := [xx(aa+j*Delta),yy(aa+j*Delta)]: 
end do: 
approxLength := sum( evalf(sqrt( 
(xx(aa+k*Delta)-xx(aa+(k-1)*Delta))^2 + 
(yy(aa+k*Delta)-yy(aa+(k-1)*Delta))^2 )), 
k=1..numSubdivisions): 
segmentPlot := plot([seq(nodes[j],j=0..numSubdivisi ons)], color 



= NAVY): 
printf("The length of the %d approximating line seg ments is 
%g.\n\n", numSubdivisions,approxLength);  
return plots[display](curvePlot,segmentPlot); 
end proc:

 
> arcLength := proc() 

local xx, yy, paramRange,  aa, bb,  length: 
if nargs <> 3 then  
error "arcLength expects three arguments": 
elif not type(args[1], procedure) or not type(args[ 2], 
procedure) then 
error "arcLength expects its first two arguments to  be 
procedures": 
elif not type(args[3], range) then 
error "arcLength expects its third argument to be a  parameter 
range": 
elif not type(op(1,args[3]), realcons) or not 
type(op(2,args[3]), realcons) then 
error "arcLength expects its third argument to be a  parameter 
range": 
elif evalf(op(1,args[3])) >= evalf(op(2,args[3])) t hen 
error "arcLength expects its third argument to of t he form a..b 
with a < b": 
end if: 
     
xx:= args[1]: 
yy := args[2]: 
paramRange := args[3]: 
aa := op(1,paramRange): 
bb := op(2,paramRange): 
 
 
length  := int(sqrt(diff(xx(t),t)^2 + diff(yy(t),t) ^2), t = aa 
.. bb); 
if has(length, int) then length := 
evalf(Int(sqrt(diff(xx(t),t)^2 + diff(yy(t),t)^2), t = aa .. 
bb));  
end if: 
return length; 
end proc: 



> surfaceAreaApproximation := proc() 
local ff, paramRange, numSubdivisions, aa, bb, Delt a, mm, 
leftNode, rightNode, surfacePlot, frustraPlot, j, k , 
approxSurfaceArea: 
if nargs <> 3 then  
error "surfaceAreaApproximation expects three argum ents": 
elif not type(args[1], procedure) then 
error "surfaceAreaApproximation expects its first a rgument to 
be a procedure": 
elif not type(args[2], range) then 
error "surfaceAreaApproximation expects its second argument to 
be a parameter range of the form a..b": 
elif not type(op(1,args[2]), realcons) or not 
type(op(2,args[2]), realcons) then 
error "surfaceAreaApproximation expects its second argument to 
be a parameter range of the form a..b": 
elif evalf(op(1,args[2])) >= evalf(op(2,args[2])) t hen 
error "arcLengthApproximation expects its second ar gument to of 
the form a..b with a < b": 
elif not type(args[3], posint) then 
error "surfaceAreaApproximation expects its third a rgument to 
be a positive integer": 
end if: 
     
ff:= args[1]: 
paramRange := args[2]: 
numSubdivisions := args[3]: 
aa := op(1,paramRange): 
bb := op(2,paramRange): 
Delta := (bb-aa)/numSubdivisions: 
surfacePlot := plot3d([ff(y)*cos(t),y,ff(y)*sin(t)] , 
y=paramRange, t=0 .. 2*Pi, color = NAVY, style=WIRE FRAME): 
 
leftNode := aa: 
for j from 1 to numSubdivisions do 
rightNode := leftNode + Delta: 
mm := (ff(rightNode)- ff(leftNode))/Delta: 
frustraPlot[j] := 
plot3d([(ff(leftNode)+mm*(y-leftNode))*cos(t),y,(ff (leftNode)+m
m*(y-leftNode))*sin(t)], y=leftNode..rightNode, t=0  .. 2*Pi, 



color = COLOR(RGB,.40,.80,.99), style=WIREFRAME): 
leftNode := rightNode: 
end do: 
 
approxSurfaceArea := evalf(Pi*sum( evalf(  
(ff(aa+(k-1)*Delta)+ff(aa+k*Delta))*sqrt( (ff(aa+k* Delta) - 
ff(aa+(k-1)*Delta) )^2 + Delta^2 )), k=1..numSubdiv isions)): 
printf("The surface area of the %d approximating fr usta is 
%g.\n\n", numSubdivisions, approxSurfaceArea);  
return 
plots[display](surfacePlot,seq(frustraPlot[j],j=1.. numSubdivisi
ons), orientation = [15,85]); 
end proc:

 

> surfaceArea := proc() 
local ff, paramRange,  aa, bb,  area: 
if nargs <> 2 then  
error "surfaceArea expects two arguments": 
elif not type(args[1], procedure)  then 
error "surfaceArea expects its first argument to be  a 
procedure": 
elif not type(args[2], range) then 
error "surfaceArea expects its second argument to b e a 
parameter range": 
elif not type(op(1,args[2]), realcons) or not 
type(op(2,args[2]), realcons) then 
error "surfaceArea expects its second argument to b e a 
parameter range": 
elif evalf(op(1,args[2])) >= evalf(op(2,args[2])) t hen 
error "surfaceArea expects its third argument to of  the form 
a..b with a < b": 
end if: 
     
ff:= args[1]: 
paramRange := args[2]: 
aa := op(1,paramRange): 
bb := op(2,paramRange): 
 
 
area  := 2*Pi*int(ff(x)*sqrt(1+diff(ff(x),x)^2), x = aa .. 



bb); 
if has(area, int) then area := 
evalf(Int(2*Pi*ff(x)*sqrt(1+diff(ff(x),x)^2), x = a a .. bb));  
end if: 
return area; 
end proc:

Code for The Figures

Code for Figure 1: The cycloid 
 
(The code for Figure 2 must be executed before the next line) 

> plots[display](seq(cycloidAnimation[10*j],j=0..5),s caling=const
rained);

 
 

Code for Figure 2: The Animation of the cycloid

> N := 50: 
epsilon := 0.016: 
Circle[0] := plot([cos(t),1+sin(t), t = 0..2*Pi], c olor = 
COLOR(RGB,.8,.8,.8)): 
segment[0] := plot([ [0,0] , [0,1] ], color = 
COLOR(RGB,.8,.8,.8)): 
pointPlot[0] := plot([1.5*epsilon*cos(t),1.5*epsilo n*sin(t), t 
= 0..2*Pi], color = COLOR(RGB,.30,.70,.99), thickne ss=2): 
cycloidAnimation[0] := plots[display](Circle[0], se gment[0], 
pointPlot[0]): 
for j from 1 to N do 
Circle[j] := plot([2*Pi*j/N + cos(t),1+sin(t), t = 0..2*Pi], 
color = COLOR(RGB,.8,.8,.8)): 
segment[j] := plot([ [2*Pi*j/N-sin(2*Pi*j/N),1-cos( 2*Pi*j/N)] , 
[2*Pi*j/N,1] ], color = COLOR(RGB,.8,.8,.8)): 
partialCycloid[j] := plot([t-sin(t),1-cos(t), t= 0. . 2*Pi*j/N], 
scaling = constrained, color=COLOR(RGB,.30,.70,.99) , 
thickness=2): 
pointPlot[j] := 
plot([2*Pi*j/N-sin(2*Pi*j/N)+epsilon*cos(t),1-cos(2 *Pi*j/N)+eps
ilon*sin(t), t = 0..2*Pi], color = COLOR(RGB,.30,.7 0,.99), 
thickness=2): 



cycloidAnimation[j] := plots[display](Circle[j], se gment[j], 
partialCycloid[j],pointPlot[j], tickmarks=[4,2]): 
end do: 
plots[display](seq(cycloidAnimation[j],j=0..50), 
insequence=true,scaling=constrained);  

Code for Figure 3: The Cone Flattened into a Circular Sector

> height := 3: 
Radius := 1: 
slantLength := sqrt(height^2 + Radius^2): 
angle := 2*Pi*Radius/slantLength: 
cone := plot3d([y*cos(t)/2, y, y*sin(t)/2], y=0..he ight, t = 0 
.. 2*Pi): 
sector := plot3d([r*cos(t), height + 1.25, r*sin(t) ], t = 
angle/2..2*Pi-angle/2, r = 0 .. slantLength, style = 
wireframe,color=COLOR(RGB,.2,.5,.4)): 
plots[display](cone, sector, orientation=[24,86], 
scaling=constrained);

Code for Figure 4: The Frustum of a Cone

> height := 3: 
Radius := 1: 
slantLength := sqrt(height^2 + Radius^2): 
angle := 2*Pi*Radius/slantLength: 
frustum := plot3d([y*cos(t)/2, y, y*sin(t)/2], y 
=0.4*height..height, t = 0 .. 2*Pi): 
plots[display](frustum, orientation=[8,85], 
scaling=constrained);
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