B 1. Calculate — 3
dx

| > general_ formula

Math 132
Summer 2009 Exam II

d In(x)

Diff (3%u,u) = diff(3%u,u);

d
general_formula := " 3“=3"In(3)
u

> Chain_Rule_form := Diff (3%*u(x),x) = diff (3%u(x),x);

. d u(x) u(x) d
Chain_Rule_form :=—3 =3 —u(x) [In(3)
dx dx

> given_problem := subs(u(x) = ln(x), Chain Rule_ form);

. d mnx) x| d
given_problem :=—3 =3 —In(x) |In(3)
dx dx

> answer := lhs(given_problem) = rhs(given_problem) ;

In(x)
d mnx 3 In(3)

answer .=~
L x X
B 2. Calculate J’zlogz(x) dx.
1
[ > with(student) :
i indefinite_integral := Int (log[2] (x),x);

In(x)
In(2)

indefinite_integral := dx

after_integration_by parts :=
intparts (indefinite_integral, ln(x));
In(x) x 1
— dx
In(2) In(2)

after_integration_by_parts =

antiderivative := value (after_integration_by_ parts);



In(x) x X
In(2) In(2)

> answer := subs(x = 2, antiderivative) - subs(x = 1,

antiderivative :=

antiderivative);

1 In(1)
answer ;=2 — -
. In(2) In(2)
| > answer := simplify (answer);
2In(2)-1
answer ="
L In(2)

Z)
B 3. Calculate 4 x .
dx

> eqn := £(x) = x*(1/x);
1

eqn =f(x)=x )
> eqn2 := map(ln, eqn);

eqn2 = In(f(x)) =ln(x ' j

> eqn3 := map (expand, eqn2) assuming x :: positive;

In(x)
eqn3 =In(f(x))=—"
X

> eqnd := map( z —> diff(z, x), eqn3);

—f(x)
d In(x) 1
eqn4 = =-— +—
L f(x) x2 x2
| > egqn5 := Diff(f(x), x) = f(x)*rhs(eqnd);

5=y =t (ln(x) i]
eqn = (x)=1(x)| - 2 +x2

> Diff (f(x), x) = subs(eqn, rhs(eqn5));

[fj(_m LJ

2+2
X X

if( )
dx X)=X

B 4. A radioactive substance has mass 120g at time /=2 and mass 80g at time t=4. What is

the massat r=107?




1

> restart; interface(showassumed = 0): assume (k,positive);
> basic_eqn := m = A*exp (-k*t);
(k1)
basic_eqn :=m=A e
> eqnl := subs({m = 120, t = 2}, basic_eqgn);
(=2k)
eqnl :=120=Ae
> eqn2 := subs({m = 80, t = 4}, basic_eqn);
(4 k)
eqn2 :=80=Ae
> eqn3 := lhs(eqnl)/lhs(eqn2) = rhs(eqnl) /rhs(eqn2);
. 3 e(—2k)
eqn3 :=_=
2 e(—4k>

> eqnd4 := 1ln(lhs(eqn3)) = simplify(ln(rhs(eqn3)));

3
4:=In—|=2k
eqn n(zj

> eqn5 := k = solve(eqn4, k);

1 (3
eqnd :=k=—_ ln(—J
2 \2

> eqné := subs(eqn5, eqnl);

(-In(3/2))
eqn6 :=120=Ae
> eqn7 := A = solve(eqgn6, 3);
eqn7 :=A =180
> formula_for mass := subs({eqn5, eqn7}, basic_eqn);
(~=1/21n(3/2) 1)
formula_for_mass == m =180 e
> answer := simplify(subs(t = 10, rhs(formula_for_mass)));
640
answer :=—__
27

. The mass of an e. coli colony feasting in a nutrient broth doubles every 20 minutes.

How long does it take for the mass of the colony to triple?

Let T denote the tripling time in minutes



[ > restart; interface(showassumed = 0): assume (T, positive);
| > basic_eqn := m = A*24(t/20);
)
20
L basic_eqn :=m=A 2
[ > tripling eqn := 3*m = A*2~((t+T)/20);
%)
LA
20 20
L tripling_eqn :=3m=A2
| > egqnl := 3*basic_eqn;
t
=)
L eqnl . =3m=3A2
| > eqn2 := rhs(tripling _eqn) = rhs(eqnl);
w5
L. i
20 20 20
L eqn2 :=A?2 =3A2

> eqn3 := map( z -> simplify(z/A), eqn2);

1 T t
) &)
eqn3 =2 =32
> eqnd := map( z -> simplify(z/2~(t/20)), eqgqn3);

=)

20

eqnd =2 =3

> eqnd := map( z —> simplify(ln(z)), eqnid);

1
S5 =—TIn(2)=1In(3
eqn =5 (2)=In(3)

> answer := T = solve(eqn5, T);
201n(3)
answer . =T=—""_"
L In(2)
d
B 6. Calculate —— arcsin(«/; ).
dx
| > general_ formula := Diff (arcsin(u),u) = diff (arcsin(u),u);
[_formul L aresi (u) 1
eneral_formula = — arcsin(u ) = 77—
¢ du A1 =it
> Chain Rule_form := Diff (arcsin(u(x)),x) = diff (arcsin(u(x)), x);
—u
d RS
Chain_Rule_form :=— arcsin(u(x)) =
i dx 1—u(x)’




| > given_problem := subs(u(x) = sqrt(x), Chain_Rule_form);

d
~(yfx)
] blem : i arcsin(«/; ) dx—
given_pro = =
dx Al —x
> answer := lhs(given_problem) = rhs(given_problem) ;

=L aresingafx) e ————
answer.—dxacs X _Zﬁm

‘4
B 7. Calculate J x sin(x) dx.
0

[ > with(student):
> J := Int(x*sin(x),x);

J = Jx sin(x) dx
> result_of_ integration_by parts := intparts(J, x);

result_of_integration_by_parts := —x cos(x) — j—cos(x) dx

> antiderivative := value(result_of_ integration_by_ parts);

antiderivative := sin(x) — x cos(x)

answer :=sin(m) — T cos(7m) — sin(0)
> simplify (answer);

1
B 8. Calculate J x2 e’ dx.
0

>
>

{> int (x*2*exp(x),x = 0 .. 1);
[
[

with (student) :

> answer := subs (x=Pi,antiderivative) - subs (x=0,antiderivative);



\

J := Int (x*2*exp(x),x);
J:= Jx2 e" dx
> result_of_ first_integration_by_ parts := intparts(J,x*2);
# u = x*2, dv = exp(x)*dx
result_of first_integration_by_parts = x" " — jZ xe dx
> result_of_second_integration_by parts :=
x"2*exp (x) — 2*intparts(Int (x*exp(x),x),x);
# u = x, dv = exp(x)*dx
result_of_second_integration_by_parts := Ye —-2xe +2 Jex dx
> antiderivative := value(result_of_ second integration_by parts);
antiderivative ;== x* € =2 x € + 2 "
> answer := subs(x=1,antiderivative) - subs (x=0,antiderivative);

answer =e—2 "
> simplify (answer);

L e—2
r
2 1
- . 3
D 9. Calculate sin(x)” cos(x) dx .
0
[ > egnl := Int(sin(x)“*3*cos(x)"*(1/2),x =0 .. Pi/2) =
Int ((1-cos(x)*2)*cos(x)*(1/2)*sin(x),x = 0 .. Pi/2);
s T
2 2
eqnl = f sin(x)” 4/ cos(x) dx = f (1 —cos(x)*) 4/ cos(x) sin(x) dx
L 0 0
| > eqn2 := lhs(eqnl) = changevar (u=cos(x), rhs (eqnl),hu);
# This command makes the change of variable u = cos(x)
T
2 1
eqn2 :=j sin(x)3 A/ cos(x) dx = J (1- uz)«/;du
L 0 0
| > egqn3 := lhs(eqn2) = expand(rhs(eqn2));




i

2 1 1
eqn3 = J sin(x)3 A/ cos(x) dx= J «/;du — J u(S/Z) du
0 0

0
| > answer := lhs(eqn3) = value(rhs(eqn3));

T

2
8
answer = j sin(x)3 A/ cos(x) dx= Z

0

B 10. Use the reduction formula

(m+1)

1 1
n n-— m
Jx"(1+x)mdx= - Jx( 1)(1+x)( My
o m+1 m+1 A

1

. ' 6 127 2 4
and the equation | (x +1) dx = T to evaluate x (1+x) dx.
0 0

> Integral := (n,m) -> Int(x*n*(1+x)”m, x =0 .. 1);

Integral .= (n,m) — J X' (1+x)"dx

> reduction_formula := Integral(n,m) = 2% (m+l)/ (m+1l) -
n/ (m+1l) *Integral (n-1,m+1);

1 (m+1) 1
) 0 m n (n—1) (m+1)
reduction_formula := | x" (1 +x) dx= - X (1+x) dx
0 m+1 m+1

> eqnl := subs({n=2,m=4}, reduction_formula);

12 4 32 2 1 5
eqnl == | x" (1+x) dng—g x(1+x) dx
0 0
> eqn2 := lhs(eqnl) = 32/5-2/5*subs({n=1,m=5},
rhs (reduction formula));

1
eqn2 ::jx (1+x) dx——+—j(1+x) dx
0

> answer := lhs(eqgn2) = 32/15 + 1/15*(127/7),




=

b . 117
answer .= | X" (1+x) dx=—"—
o 35

1
2 2 . . q
11. Convert J X 1+ x" dx to an integral of the form Jﬁsm(e)p cos(0)” de.
0 a
A complete answer will have a, b, p, and q specified.
[ > restart; with(student):
[ > J := Int(x*2*f(x),x =0 1);
1
J = J e f(x) dx
0
> J2 := changevar(x = tan(theta), J, theta);

"
J2 :=J tan(0)* f(tan(0)) (1 + tan(0)*) dO

0

> J3 := subs(f(tan(theta)) = (l+tan(theta)”*2)*(1/2), J2);
T
4
5 , (312)
J3:=1] tan(0)" (1 +tan(0)") do
L 0
[ > J4 := subs(l+tan(theta)”*2 = sec(theta)”*2, J3);
T
4
5 5 (312)
J4:= | tan(6)” (sec(0)") do
0
> J5 := Int(tan(theta)”*2*sec(theta)”3,theta = 0 .. 1/4*Pi);
T
4
J5 ::J tan(0)” sec(0)’ dO
0
> J6 := subs({tan(theta) = sin(theta)/cos(theta), sec(theta)
1/cos (theta)}, J5);




ki
4
sin(0)?
i
cos(0)
0
x—2
B 12. Evaluate |————dkx.
x(x-1)
[ > egnl := Int((x-2)/x/(x-1),x) = Int(convert ((x-2)/x/(x-1),
parfrac, x),x);
x—=2 2 1
eqnl == |— _dx=|—- dx
x(x—1) x x—1
: > eqn2 := lhs(eqnl) = wvalue(rhs(eqnl))+C;

#Maple works with complex numbers, so it does not insert
absolute values

eqn2 .= |7/ _dx=2In(x)-In(x-1)+C
x(x—1)
5x2 +x+2
Evaluate 5 dx.
(x+1)(x"+1)
rational fn := (5*x*2+x+2)/ (x+1)/ (x*2+1);
S5x+x+2
rational_fn := 5
(x+1)(1+x7)
eqnl := Int(rational_f£fn,x) = Int (convert (rational_fn, parfrac,
X) ,X);
55 +x+2 -1+42x 3
eqnl = ,_dx= , dx
(x+1)(1+x%) 1+x x+1
lhs (egqnl) = wvalue(rhs(eqnl))+C;



58X +x+2
(x+1)(1+x%)

dx=1In(1+x%)—arctan(x) + 3 In(x+ 1)+ C

25243546
B 14. Evaluate |——/————dx
x (x+2)
[ > rational fn := (2*x"2+3*x+6)/(x"2)/ (x+2);
2 +3x+6
rational_fn :=—""—"""
i X (x+2)
| > eqnl := Int(rational_ fn,x) = Int (convert (rational_ fn, parfrac,
X) ,X);
2xX +3x+6 2 3
egnl = |~ dx= +5 dx
X (x+2) x+2 x
] > lhs (eqnl) = value(rhs(eqnl))+C;
2xX°+3x+6 3
Z—dx:ZIn(x+2)——+C
X (x+2) X




