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Math 318 Fall 2008
Exam 3

1. Let S be the 2-manifold in R3 parameterized by

γ

([
r
θ

])
=




r cos (θ)
r sin (θ)

r2


 ,

(
1 < r < 4, 0 < θ <

π

2

)
.

Calculate the surface area of S.

Solution Since D (γ)
([

r
θ

])
=




cos (θ) −r sin (θ)
sin (θ) r cos (θ)

2r 0


, we have

tD (γ)
([

r
θ

])
D (γ)

([
r
θ

])
=

[
cos2 (θ) + sin2 (θ) + 4r2 0

0 r2 sin2 (θ) + r2 cos2 (θ)

]
=

[
1 + 4r2 0

0 r2

]

and √
det

(
tD (γ)

([
r
θ

])
D (γ)

([
r
θ

]))
= r

√
1 + 4r2.

The surface area is therefore
∫ 4

1

∫ π/2

0

r
√

1 + 4r2 drdθ =
5π

24

(
13
√

65−
√

5
)

.

2. Calculate
∫∫

Q

(
2x2 + y

)
dxdy where Q is the region between the hyperbolas xy = 1 , xy = 2 and the parabolas

y = x2 , y = x2 + 1.

Solution Let f

([
u
v

])
= 1.The map T : Q → R2 defined by

[
u
v

]
= T

([
x
y

])
=

[
xy

y − x2

]
has nonvanishing

Jacobian determinant

JT

([
x
y

])
= det

([
y x
−2x 1

])
= 2x2 + y

on Q and image R = T (Q) =
{[

u
v

]
∈ R2 : 1 < u < 2, 0 < v < 1

}
. Therefore,

∫∫

Q

(
2x2 + y

)
dxdy =

∫∫

Q

f

(
T

([
x
y

]))
·
∣∣∣∣JT

([
x
y

])∣∣∣∣ dxdy =
∫∫

R

f

([
u
v

])
dudv =

∫∫

R

1 dudv = 1.

3. Let U =
{[

s
t

]
∈ R2 : 0 < s < t < 1

}
and γ

([
s
t

])
=




st
s + t
2s + t
s2 + t2


 for

[
s
t

]
∈ U . Calculate

∫

γ(U)

(x3 − x2) dx1 ∧ dx4

Solution We have

−→u = D1 (γ)
([

s
t

])
=




t
1
2
2s


 and −→v = D2 (γ)

([
s
t

])
=




s
1
1
2t


 .
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Therefore,
dx1 ∧ dx4

(−→u ,−→v
)

= 2
(
t2 − s2

)

and ∫

γ(U)

(x3 − x2) dx1 ∧ dx4 =
∫ 1

0

∫ 1−t

0

((2s + t)− (s + t)) 2
(
t2 − s2

)
dsdt = − 1

15
.

4. Let M =








x
y
z
w


 : x2 + y2 + z2 + w2 < 1





and ∂ (M) have compatible orientations. Find a differential form

ω such that
∫

M

ω =
∫

∂(M)

(
5x2y3z2 + 7/w

)
dx ∧ dy ∧ dz +

(
5xyw + z5

)
dx ∧ dy ∧ dw +

(
3xy2 − z3w4

)
dx ∧ dz ∧ dw.

Solution By Stokes’s Theorem, the exterior derivative
(
7/w2 + 5z4 − 6xy

)
dx ∧ dy ∧ dz ∧ dw

of the form integrated over ∂ (M) will do.

5. Let M =








x
y
z


 : x2 + y2 + z2 < 1



 and let ∂ (M) be the boundary of M with orientation induced by

−→n






x
y
z





 =




x
y
z


 at each point




x
y
z


 ∈ ∂ (M). Let F







x
y
z





 =




x2

1
z


. Calculate

∫
∂(M)

ΦF. (You

may use whatever method you prefer.)

Solution Since dΦF = Mdiv(F) = (2x + 1) dx ∧ dy ∧ dz, we have

∫

∂(M)

ΦF =
∫

M

(2x + 1) dx ∧ dy ∧ dz = 2
∫

M

x dx ∧ dy ∧ dz +
∫

M

dx ∧ dy ∧ dz = 0 +
4
3
π · 13 =

4
3
π.

The direct calculation without Stokes Theorem uses the parameterization

γ

([
φ
θ

])
=




cos (θ) sin (φ)
sin (θ) sin (φ)

cos (φ)


 , 0 ≤ φ < π, 0 ≤ θ < 2π.

Then we have

−→u = D1 (γ)
([

φ
θ

])
=




cos (θ) cos (φ)
sin (θ) cos (φ)
− sin (φ)


 and −→v = D2 (γ)

([
φ
θ

])
=



− sin (θ) sin (φ)
cos (θ) sin (φ)

0




and

dy∧dz
(−→u ,−→v

)
= − cos (θ) sin2 (φ) , dx∧dz

(−→u ,−→v
)

= − sin (θ) sin2 (φ) , and dx∧dy
(−→u ,−→v

)
= cos (φ) sin (φ) .

Also, F
(

γ

([
φ
θ

]))
=




cos2 (θ) sin2 (φ)
1

cos (θ) sin (φ)


. Therefore,

F1

(
γ

([
φ
θ

]))
dy ∧ dz

(−→u ,−→v
)
− F2

(
γ

([
φ
θ

]))
dx ∧ dz

(−→u ,−→v
)

+ F3

(
γ

([
φ
θ

]))
dx ∧ dy

(−→u ,−→v
)
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= cos2 (θ) sin2 (φ) · (− cos (θ) sin2 (φ)
)− 1 · (− sin (θ) sin2 (φ)

)
+ cos (φ) · (cos (φ) sin (φ))

= − cos3 (θ) sin4 (φ) + sin (θ) sin2 (φ) + cos2 (φ) sin (φ)

and ∫

∂(M)

ΦF =
∫ 2π

0

∫ π

0

(− cos3 (θ) sin4 (φ) + sin (θ) sin2 (φ) + cos2 (φ) sin (φ)
)

dφdθ

= 0 + 0 +
4
3
π =

4
3
π .

6. Let M =








x
y
z


 : x2 + z2 = 1, 0 < x < 1, 0 < z < 1, 0 < y < 2



 be oriented by −→n







x
y
z





 =




x
0
z


 at

each point




x
y
z


 ∈ M . Let ∂ (M) be the boundary of M with induced orientation. Let F







x
y
z




 =




0
x2 − 1

z


. Calculate

∫
∂(M)

WF directly and by using Stokes’s Theorem.

Solution Let I = [0, 2] and J = [0, π/2]. Define γ1 : I → R3, γ2 : J → R3, γ3 : I → R3, and γ4 : J → R3 by

γ1 (t) =




1
t
0


 , γ2 (t) =




cos (t)
2

sin (t)


 , γ3 (t) =




0
2− t

1


 , and γ4 (t) =




sin (t)
0

cos (t)


 .

These four functions parameterize the four pieces of ∂ (M), preserving the stated orientation. Since

γ′1 (t) =




0
1
0


 , γ′2 (t) =



− sin (t)

0
cos (t)


 , γ′3 (t) =




0
−1
0


 , and γ′4 (t) =




cos (t)
0

− sin (t)


 ,

we have

∫

γ1(I)

WF =
∫ 2

0


0 · dx







0
1
0





 +

(
12 − 1

) · dy







0
1
0





 + 0 · dz







0
1
0








 dt = 0,

∫

γ2(J)

WF =
∫ π/2

0


0 · dx






− sin (t)

0
cos (t)





 +

(
cos2 (t)− 1

) · dy






− sin (t)

0
cos (t)





 + sin (t) · dz






− sin (t)

0
cos (t)








 dt,

or ∫

γ2(J)

WF =
∫ π/2

0

(
0 · (− sin (t)) +

(
cos2 (t)− 1

) · (0) + sin (t) · cos (t)
)
dt =

1
2
,

∫

γ3(J)

WF =
∫ 1

0


0 · dx







0
−1
0





 + (0− 1) · dy







0
−1
0





 + 1 · dz







0
−1
0








 dt

or ∫

γ3(J)

WF =
∫ 2

0

(0 · 0 + (0− 1) · (−1) + 1 · (0)) dt = 2,

and

∫

γ4(J)

WF =
∫ π/2

0


0 · dx







cos (t)
0

− sin (t)





 +

(
sin2 (t)− 1

) · dy







cos (t)
0

− sin (t)





 + cos (t) · dz







cos (t)
0

− sin (t)








 dt,
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or ∫

γ4(J)

WF =
∫ π/2

0

(
0 · cos (t) +

(
sin2 (t)− 1

) · 0 + cos (t) · (− sin (t))
)
dt = −1

2
.

Therefore, ∫

∂(M)

WF = 0 +
1
2

+ 2 +
(
−1

2

)
= 2.

Next, we calculate

curl (F)







x
y
z





 =




0
0
2x


 .

If we parameterize M by γ : I × J → R3 with

γ

([
s
t

])
=




cos (t)
s

sin (t)


 ,

then we have

curl (F)
(

γ

([
s
t

]))
=




0
0

2 cos (t)


 ,

−→u = D1 (γ)
([

s
t

])
=




0
1
0


 and −→v = D2 (γ)

([
s
t

])
=



− sin (t)

0
cos (t)




and
dy ∧ dz

(−→u ,−→v
)

= cos (t) , dx ∧ dz
(−→u ,−→v

)
= 0, and dx ∧ dy

(−→u ,−→v
)

= sin (t) .

Therefore
∫

M

Φ∇×F =
∫∫

I×J

(
0dy ∧ dz

(−→u ,−→v
)
− 0dx ∧ dz

(−→u ,−→v
)

+ 2 cos (t) dx ∧ dy
(−→u ,−→v

))
dsdt

or ∫

M

Φ∇×F =
∫ π/2

0

∫ 2

0

(2 cos (t) sin (t)) dsdt = 2.


