Math 318 Fall 2008
Exam 3

1. Let S be the 2-manifold in R? parameterized by

7 cos (6)

W(:2]>=[rs1112(0)], (1<r<4,0<9<g).
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Calculate the surface area of S.

cos (0) —rsin(0)
Solution Since D (v) ({ g }) = | sin(f) rcos(f) |, we have
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The surface area is therefore
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/ / 1+ 4r2 drdf = %Z (13\/(?— \/5) .
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2. Calculate fo (23:2 + y) dxdy where @ is the region between the hyperbolas zy = 1, xy = 2 and the parabolas
2 2
y=z°,y=a"+1.
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onQandimageR:T(Q):{[ Z } €R2:1<u<270<v<1}. Therefore,
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3.LetU{{t}GR.O<s<t<1}and'y<{t]> 9% 4t for{t}GU.Calculate
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Solution Let f ({ Z }) = 1.The map T : Q — R? defined by [ Z ] =T ([ v ]) = [ Yy 9 ] has nonvanishing

Jacobian determinant

/ (1‘3 - 1’2) dl‘l N dl’4
y(U)

Solution We have



Therefore,
doy Ny (W, 7) =2 (2 - 5?)
and
1 1-t 1
/ (5 — ) day A g = / / (25 +6) — (s+£)2 (2 — 52) dsdt = — .
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4. Let M = :,Z c2? +y? + 22+ w? <1 and 9 (M) have compatible orientations. Find a differential form

w

w such that

/ w= / (5x2y322 + 7/w) drx Ndy Ndz + (5xyw + 25) dx Ady A dw + (?mcy2 — z3w4) dz N\ dz N dw.
M (M)

Solution By Stokes’s Theorem, the exterior derivative
(7/w2 + 524 — 6zy) dz A dy A dz A dw
of the form integrated over 9 (M) will do.
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5. Let M = y | :2?2+y?2+22 <1} and let (M) be the boundary of M with orientation induced by
2

x x x x x?

o ([ y ]) = [ Y } at each point { y ] €9(M). Let F ([ y ]) = [ 1 } Calculate fa(M)(I)F' (You
z z z z z

may use whatever method you prefer.)

Solution Since dbp = Mdiv(F) = (2z 4+ 1)dz A dy A dz, we have
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/ (I)F:/ (2m+1)dm/\dy/\dz:2/ a?d:v/\dy/\dz—i—/ de NdyAdz =0+ -m-1% = 7.
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The direct calculation without Stokes Theorem uses the parameterization
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Then we have

I (E ?;@)5:2; wa v -0, ([ 9]) - ziilté?;;;‘z;“i)

and

dyndz (ﬁ)7 7) = —cos (0)sin? (¢), deAdz (H), V) = —sin () sin® (¢), and dzAdy (ﬁ)7 7) = cos (¢) sin (¢) .
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= cos” () sin” (@) - (— cos (0) sin® (¢)) — 1 - (—sin (8) sin® (¢)) + cos (@) - (cos (¢) sin (¢))
= —cos® (A) sin® (¢) + sin (0) sin? (¢) + cos? (¢) sin (¢)

and
2m ™
/ PR = / / (—cos® () sin® (¢) + sin (#) sin? (¢) + cos? (¢) sin (¢)) dodf
oM o Jo
=0+0+ 1.1
= 3T =37
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6. Let M = y | 12?2 4+22=1,0<2<1,0<2<1,0<y <2 be oriented by 0’ y = |0 | at
z z z
x x
each point | y | € M. Let 0(M) be the boundary of M with induced orientation. Let F Y =
z z

0
{ 22 -1 ] . Calculate |, o(M) Wg directly and by using Stokes’s Theorem.
z

Solution Let I = [0,2] and J = [0,7/2]. Define v; : I = R3 v9:J - R3 43 :1 —R3 and v, : J — R3 by

1 cos (t) 0 sin (1)
’Yl(t)zlt]7 72(t)=[ 2 ]» ’Y3(t)=[2t]a and 74(75):{ 0 ]
0

sin (¢) 1 cos (t)

These four functions parameterize the four pieces of 9 (M), preserving the stated orientation. Since

0 — sin (¢) 0 cos ()
’Yi(t)_llla ’Yé(t)_[ 0 ]a ’Yé(ﬁ—[—l], and ’yfl(t)—[ 0 ],
0 cos (t) 0 — sin (t)
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+ (cos® (t) — 1) - dy 0 +sin(t) - dz 0 ‘
cos ( cos (t) cos (t)

we have

/ WF: | (0 (—sin () + (cos® (t) — 1) - (0) + sin (t) - cos () dt = %
1 0 0
oL P (B ]) e[ ([2]):
0 0 .
or )
/ WF:/ (0-0+(0—1)- (1) +1-(0)dt =2,
v3(J 0
nd

/2 cos (t) cos (t) cos (t)
/ Wg = / 0-dz 0 + (sin® (t) — 1) - dy 0 +cos(t) - dz 0 |
7a(J) 0 —sin (¢) — sin (¢) — sin (¢)



or
/2
/ Wg = / (O - cos (t) + (sin2 (t) — 1) -0+ cos (t) - (—sin (t))) dt = —3
va(J) 0

Therefore,
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WF:0++2+<—> =2.
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If we parameterize M by v : I x J — R3 with

Next, we calculate

then we have

and
dy N dz (ﬁ, V) =cos(t), dzAdz (ﬁ)7 7) =0, and drAdy (ﬁ), 7) =sin ().
Therefore
/ Qo F = / <0dy ANdz (ﬁ)7 7) — 0dx N dz (ﬁ), 7) + 2cos (t)dz A dy (ﬁ)7 7)) dsdt
M IxJ
or

/M b p :/Om /02 (2cos () sin (1)) dsdt = 2.



